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MULTIHYPOTHESIS SEQUENTIAL PROBABILITY RATIO TESTS, PART II:
ACCURATE ASYMPTOTIC EXPANSIONS FOR THE EXPECTED SAMPLE SIZE
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Abstract — In a companion paper [13], we proved that two specific constructions of mul-
tihypothesis sequential tests, which we refer to as Multihypothesis Sequential Prob-
ability Ratio Tests (MSPRT’s), are asymptotically optimal as the decision risks (or
error probabilities) go to zero. The MSPRT’s asymptotically minimize not only the
expected sample size but also any positive moment of the stopping time distribution,
under very general statistical models for the observations. In this paper, based on
nonlinear renewal theory we find accurate asymptotic approximations (up to a van-
ishing term) for the expected sample size that take into account the “overshoot” over
the boundaries of decision statistics. The approximations are derived for the scenario
where the hypotheses are simple, the observations are independent and identically
distributed according to one of the underlying distributions, and the decision risks
go to zero. Simulation results for practical examples show that these approximations
are fairly accurate not only for large but also for moderate sample sizes. The as-
ymptotic results given here complete the analysis initiated in [4], where first order
asymptotics were obtained for the expected sample size under a specific restriction on

the Kullback-Leibler distances between the hypotheses.

Index Terms — Multihypothesis sequential probability ratio tests, one-sided SPRT,

expected sample size, nonlinear renewal theory.

1. Introduction

The problem of sequential testing of more than two hypotheses is considerably more difficult than
that of testing two hypotheses. Optimal solutions are, in general, intractable. Hence, research in se-
quential multihypothesis testing has been directed towards the study of practical, suboptimal sequential
tests and the evaluation of their asymptotic performance — see, for example, [1], [4], [7]-[12], [18], [22],
[26]-[34].

In a companion paper [13], we introduced two specific constructions of multihypothesis sequential
tests, which we referred to as Multihypothesis Sequential Probability Ratio Tests (MSPRT’s). The first
test, which is motivated by a Bayesian framework, was considered by Baum and Veeravalli [4, 32],
Golubev and Khas'minskii [17], Fishman [16], Tartakovsky [27, 28] in various contexts. The second
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test which is formed by a specific combination of one-sided SPRT’s was suggested by Armitage [1], and
studied further in [9]-[11], [22], [26]-[34]. We showed in [13], that the MSPRT’s are asymptotically
optimal as the decision risks (or the probabilities of errors) go to zero. The MSPRT’s asymptotically
minimize not only the expected sample size but also any positive moment of the stopping time distri-
bution, under very general statistical models for the observations. The asymptotic optimality of the
MSPRT’s makes them attractive candidates for various practical applications as indicated in [13]. It is
hence of great interest to analyze the asymptotic performance of the MSPRT’s.

A particularly effective way to analyze the asymptotic performance of sequential tests (for simple
hypotheses and independent and identically distributed observations) is through the application of
renewal theory. For the binary SPRT, it is well known that renewal theory is useful in obtaining
asymptotically exact expressions for expected sample sizes and error probabilities (see, e.g. [25]).
An approach to applying renewal theory techniques to sequential multihypothesis tests was recently
given by Baum and Veeravalli [4] in which they studied the quasi-Bayesian MSPRT. This MSPRT was
shown to be amenable to an asymptotic analysis using nonlinear renewal theory [35], and asymptotic
expressions for the expected sample size and error probabilities were obtained in [4]. While the work
in [4] provided a starting point for the asymptotic performance analysis of MSPRT’s, two important
open problems remained. First, the asymptotic analysis in [4] was restricted to the “asymmetric”
situation, where for each hypothesis, the hypothesis with minimum Kullback-Leibler distance among
the remaining hypotheses is unique. Second, only first order asymptotic expressions were obtained for
the expected sample size. These first order asymptotics were shown to be quite inaccurate for moderate
sample sizes, particularly in the case of symmetric hypotheses.

In the present paper, we complete the asymptotic analysis initiated in [4] by addressing both of the
open problems discussed above. The asymptotic expansions for the expected sample size are obtained
using nonlinear renewal theory (see, e.g. Lai and Siegmund [19, 20], Siegmund [25], Woodroofe [35],
Zhang [36]). We consider the asymmetric case first, and derive an asymptotically exact expression for
the expected sample size under the assumption that the second moments of the log-likelihood ratios
between the hypotheses are finite. Then, we go on to tackle the general case where the hypothesis with
minimum Kullback-Leibler distance to the hypothesis under consideration is not necessarily unique.
In the general case a much stronger Cramér-type condition is required on the log-likelihood functions
of the observations. Finally, we present simulation results for practical examples to show that these
approximations for the expected sample size are fairly accurate not only for large but also for moderate

sample sizes.

2. Preliminaries

Let X = {X1,X2,...} be a sequence of independent and identically distributed (iid) random
variables (generally vector-valued, X, = (Xip,...,X; ) € R, > 1), and let P be their common
probability distribution with the density f(x) with respect to some sigma-finite measure. Our goal is

to test sequentially the M hypotheses
Hi: f(x)=filx)VeeR, i=01,... ,M—1,

where f;(x) are given probability densities.
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A sequential test is a pair 6 = (7,d), where 7 is a Markov (stopping) time and d = d(X1,..., X;)
is a terminal decision function taking values in the set {0,1,... ,M — 1}. That is, d = j implies that
the decision is in favor of hypothesis H;. For each 4,7 = 0,1,... ;M — 1, assume that the consequence
of deciding d = ¢ when Hj; is the true hypothesis is given by the loss function W (j,) € [0,00). Also,
without loss of generality, set the losses due to correct decisions to zero (W (i,7) = 0). Then the risk
associated with making the decision d = 7 is given by

M—1
Ri(6) = ) miW (4, 1)ei(9)
Jj=0,
J#
where 7; = Pr(H;) is the prior probability of the hypothesis H;, and aj; = P;(d = i) is the probability
of deciding d = i conditioned on H; being the true hypothesis. The Bayes risk associated with the test
J is the sum Zf\io_l R;(9).

Note that for the special case of a zero-one loss function, where W (j,7) = 1 for j # i, the risk R;
is the same as the frequentist error probability «;, which is defined to be the probability of deciding H;
incorrectly.

As in [13], we use AZ to denote the log-likelihood functions and ratios corresponding to individual

observations, i.e.

fi(Xn)
f](Xn)

Furthermore, use Z to denote the log-likelihood functions and ratios corresponding to sequence of

AZi(n) =log fi(Xy), and AZ;;(n) = log (2.1)

observations up to a given time n, i.e.
n n
Zi(n) = AZ(t), and Zij(n) = > AZ(t) = Zi(n) — Z;(n). (2.2)
t=1 t=1
Also, for convenience, define the parameters w;; by

Wj; = TFjW(j, Z)/T('l (23)

We now introduce the two constructions of multihypothesis sequential tests, which we refer to as

MSPRT’s, whose asymptotic performance we study in this paper.

Test 6,. Introduce the Markov times
T = inf{n >1:Zi(n)>a; + log(z wji exp[Zj(n)])} (2.4)
JF#i
where a; are positive thresholds (inf{@} = co). Then the test procedure §, = (74, d,) has stopping time

7, and terminal decision d, that are given by

T = Mmin 7g; de=1 if 17,=m.
0<k<M—1

This test is motivated by a Bayesian framework, and was considered earlier by Golubev and Khas’minskii
[17], Fishman [16], Sosulin and Fishman [26], Tartakovsky [27], [28], Baum and Veeravalli [4], [32].

Indeed, for the zero-one loss function, the stopping times 7; may be rewritten as

i =inf{n >1:1L(n) > 4;}, where A;= _explas)
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and where
m; exp|Zi(n)]

i(n) = 37— = P(H = H;|XT)
>oi%0 mjexplZ;(n)]
is the a posteriori probability of the hypothesis H;.
Test dp. Let
v = inf{n >1:Zi(n)> b+ m;tx log wj; + Zj(n)} } (2.5)
Ve

be the Markov “accepting” time for the hypothesis H;, where b; are positive thresholds (inf{@} = c0).
The test 0, = (v, dp) is defined as follows
Vb:og%ij\%flyk’ dy=1 if y=uy;.
This test represents a modification of the matrix SPRT (the combination of one-sided SPRT’s) that was
suggested by Lorden [22]. It was considered earlier by Armitage [1], Lorden [22], Dragalin [9]-[11],
Verdenskaya and Tartakovskii [34], Tartakovsky [28]—[30]. For the zero-one loss function, the stopping
times v; may be rewritten as
mi exp|Zi(n)]

pnax exp[Zk(n)]’

ki

i.e. L;j(n) is the generalized likelihood ratio between H; and the remaining hypotheses.

v; =inf{n >1:Li(n) > exp(b;)}, where L;(n)=

Note that J; has the obvious advantage that it is easier to implement than J,. However, as we
shall see in the following section, d, has the advantage that it is easier to design the thresholds {a;} to
precisely meet constraints on the risks {R;}.

In [13], we established that if for some m > 1

E; ‘Zm(l)‘m <00, (26)

then both 4, and d, asymptotically minimize the k-th moment (for all & < m) of the stopping time distri-
bution in the class of tests A(R) (sequential and non-sequential) for which R;(5) < R; as maxy Ry — 0.
Here R; > 0 is a predefined bound on the risk of choosing hypothesis H;. Furthermore, it follows
from Lemma 2.1 and Theorem 3.1 of [13] that if a; = log(m;/R;), b; = log((M — 1)m;/R;), the ratios
log R;/ log Rj are bounded away from zero and infinity, and the condition (2.6) holds, then for m > 1

inf_ B ~ Byl ~ Bl (—' Log Ri|>m :
seA(R) D;
where D; = minj; E;[Z;;(1)] is the minimum Kullback-Leibler distance between H; and other hypothe-
ses.

Also regardless of the class A(R), if E;|Z;j(1)] < oo and mingay — oo, ming by — oo, then the
following first order approximations for the expected sample size hold [13]:

Eiry ~ la)— . By~ lb)— : (2.7)

These asymptotic formulas describe the behavior only of the first term of the expansion for the
average sample size (ASS). The behavior of the second term remains to be determined. Simulation
results given in Section 4 show that the first order approximations are usually inaccurate for moderate

values of thresholds which are of main interest in practice. In this paper, we derive higher order
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approximations to the ASS up to a vanishing term. As we shall see, in a specific asymmetric case the
second term is of the order of O(1) (i.e. a constant), but in general it goes to infinity as the square root
of the threshold.

3. Accurate Asymptotic Approximation for the ASS

In this section, we obtain asymptotic expansions for the ASS of the tests up to a vanishing term
using nonlinear renewal theory . See, e.g., Lai and Siegmund [19, 20], Siegmund [25], Woodroofe [35],

Zhang [36], for detailed discussions of the nonlinear renewal theory results used in this paper.

3.1. The Asymmetric Case. First we consider the asymmetric case studied in [4, 32|, where
the hypothesis j* = j*(¢) for which the Kullback-Leibler distance, D;; = E;Z;;(1), attains its minimum
(over j # i) is unique. (The reader is reminded of the definition of AZ;;(t) and Z;j(n) given in (2.1)
and (2.2).) Specifically, throughout Subsection 3.1 we assume that the following condition holds:

Jj (i) = argmyiénDU is unique for any i€ {0,1,... ,M —1}. (3.1)
jFi

In order to apply relevant results from nonlinear renewal theory, we rewrite the stopping times of
(2.4) and (2.5) in the form of a random walk crossing a constant boundary plus a nonlinear term that is
“slowly changing” in the sense defined below in Definition 3.1. By subtracting Z;«(n) from both sides
of the inequalities in (2.4) and (2.5), we see that

7 =inf{n >1: Zj;»(n) > a; + &(n)}, (3.2)
and
v; = inf{n >1: Zz‘j* (n) >b; + Y;(n)}, (33)
where &;(n) and Y;(n) are defined by:
&i(n) = log<wj*i + Z Wy exp{—Zj*j(n)}> ; (3.4)
JFLI*
Yi(n) = log(max [wj*i, max wj; exp{—Zj*j(n)}D . (3.5)
JFI*

DEFINITION 3.1. The process {(,}n>1 is said to be slowly changing if the following two conditions
hold:

(i) as n — oo,

1 . .
bability ; .
n 12%}%|Q| —0 in probability ; (3.6)

(ii) for every € > 0 and some A > 0

— >
P(oé%%’éﬂg”*’“ Cnl > 5) <e Vn>1, (3.7)

i.e. {¢,} is uniformly continuous in probability [35].

LEMMA 3.1. Let the condition (3.1) be fulfilled and E;|Z;;(1)| < oo for all i and j, i # j. Then the
processes {&;(n), n > 1} and {Y;(n), n > 1} are slowly changing under P;.
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PROOF. It is easy to see that E;AZj+;(t) = E;AZ;(t) — E;AZj«i(t) = D;j — Djj«. We denote this
difference by A;;. We can then rewrite &;(n) of (3.4) as
&i(n) =log (wj*i + Z Wy exp{—n[Aij + nilMij (n)] })
JFLI*
where M;;(n) = > | [AZj-j(t) — Ay;] is a zero-mean random walk with respect to P;. By the strong

law of large numbers n~!M;;(n) — 0 P;—a.s. and
&(n) — logwjx; wp. 1l as n— oo, (3.8)

which implies (3.6) and (3.7). Evidently, logw;«; < Y;(n) < &(n) and hence, by a standard sandwich

argument, the process {Y;(n)} is also slowly changing. [ |

An important consequence of the slowly changing property is that limiting distributions of the
overshoot of a random walk (with positive mean) over a fixed threshold are unchanged by the addition
of a slowly changing nonlinear term (see Theorem 4.1 of Woodroofe [35]). In particular, suppose we

define the stopping time
Tij<(c) =inf{n > 1: Z;»(n) > ¢}, ¢>0,

which corresponds to the one-sided SPRT which tests the hypothesis H; against the closest one H .
Now let

pi(c) = Zij=(Tij=) — ¢
denote the overshoot at the stopping time. Furthermore, let

G;(y) = lim Pi{pi(c) <y}

C— 00
denote the limiting distribution of the overshoot.

Now, let {(,} be a slowly changing process and consider the stopping time
tij«(c) =inf{n >1: Z;j»(n) > c+ ¢}, ¢>0.
Then, by Theorem 4.1 of [35], the overshoot at the stopping time
ri(c) = Zij(tij«) — ¢ — Gty
has the same limiting distribution as p;(c), i.e.
Jim Pi{ri(c) <y} = Gi(y) .
Now note that from (3.2),
Zij<(1i) = a; + &(m) + xi  on  {m < oo}, (3.9)

where x; is the overshoot of the process Z;j<(n) — &(n) over the level a; at time 7;. Taking the

expectations in both sides of this last equality and applying the Wald identity, we obtain
D; Eiti = a; + Ei&i(7i) + Eixi - (3.10)
A similar equality is true for the Markov time v;. Indeed, from (3.3),

Zij*(Vi) =b;, + Yz(Vz) + X on {Vi < OO} (311)
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where x; is the overshoot of the process Z;;«(n) — Y;(n) over the level b; at time ;. Applying Wald’s
identity, we get

We are now in a position to understand the role of Lemma 3.1. The key point is that since the
sequences {§;(n)} and {Y;(n)} are slowly changing, the overshoots x; and y; have the same limiting
distributions as p;(¢) (when ¢, a; and b; tend to infinity). Furthermore, both &;(n) and Y;(n) converge
to the constant logw;+; as n — oo. Thus, for large a; and b;, the ASS’s E;7, and E;v;, should be
approximately equal to D Y(a; +log wj+; + ;) and D L(b; + log wj+; + ;), respectively, where

%z':/o ydGi(y)

is the expected limiting overshoot. The following theorem is a formal statement of this result and is

proved in the Appendix.

THEOREM 3.1. Suppose that the condition (3.1) holds and a;/a;, b;/b; are bounded away from zero

and infinity, i.e.
ai/aj ~ bi/bj ~ cij as mkinak — 00, mkinbk — 00 where 0 < ¢ <oo. (3.13)

In addition, assume that E;|Z;;(1)|* < co and the Z;;(1) are P;—non-arithmetic'. Then

1

E;7, = H(ai +logwj+; + %Z-) + o(1) as Inkin ay — 00 ; (3.14)
i
1

Eivy = H(bZ +log wj+; + zi) +o0(1) as mkin b, — 00. (3.15)

7

REMARK 3.1. The condition that Z;;(1) are P;—non-arithmetic is imposed due to the necessity of
considering certain discrete cases separately in the renewal theorem (see, e.g., Woodroofe [35], Sec-
tion 2.1). If Z;;(1) are Pj-arithmetic with span d > 0, the results of Theorem 3.1 (as well as of
Theorem 3.3 below) hold true as ming ay — 0o and ming by, — oo through multiples of d (i.e. a; = kd,

k — o0) and with respective modification of definition of ;.

We note that in the definitions of 7 and v; of (2.4) and (2.5), and in Theorem 3.1 above, the
numbers w;; may be assumed to be arbitrary positive constants not necessarily equal to 7; W (j,7)/m; as
we defined them before in (2.3). However, by setting w;; as specified in (2.3), we can precisely control
the risks R; corresponding to the tests §, and dp.

Now let

v = /0 " exp(—y) dGi(y)

Recall that G;(y) is the limiting distribution of the overshoot p;(c) in the one-sided SPRT as ¢ — oo
(under the measure P;). The following theorem provides asymptotic expressions for the risks R; in

terms of ~;.

! A random variable X is called arithmetic (has arithmetic distribution with span d) if d- X is integer-valued for some
non-zero constant d. A typical example is the Bernoulli sequence. Otherwise X is called non-arithmetic (or non-lattice),

i.e. P(X = dm for some m) < 1.
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THEOREM 3.2. Let R;(0) = >, ., miW(j,i)i(5) be the risk of deciding d = i. If we set wj; =

wiW (j,)/m;, then under the same conditions as in Theorem 3.1

Ri(8q) = mivie™ ™ (1 + 0(1)) as mkin ap — 00 ; (3.16)

mfyie_bi(l +0(1)) < Ri(6) < (M — l)mwe_bi(l +0(1)) as mkin by, — 00 . (3.17)

PROOF. For the zero-one loss function, the asymptotic equality (3.16) follows from Theorem 6.1 of
Baum and Veeravalli [4]. To prove this equality for an arbitrary loss function we observe first that the

risk R;(0,) can be written in the form

Ri(éa) =T Ei{exp [_Zij*(Ti) + 51(7'1)] I(Ta = Tz)} . (318)
Indeed,

RMQZE:WW@@m@f:mZEZMW@o/ exp|Z;i(7:)] dP;

i Ji o=
= Ei{I(Ta =)y mW(j,i) eXP[Zji(Ti)]}
el (3.19)
= mi Bl explZige (1) T (ra = 70) 3 wji expl=Z;5(73)] }
J#
=m; Ei{exp[—Zij*(Ti)]I(Ta =) [U}j*i + Z Wji eXP[—Zj*j(Ti)]} },
i,

from which (3.18) follows in an obvious manner. Now, since by (3.9)
Zije (1) = &(1i) =a; +x;  on T < oo,
we obtain
R;i(0y) = m; exp(—ai)Ei{exp(—Xi)I(Ta = Tl)} .

Due to the fact that &;(n) is slowly changing, E; exp(—x;) — 7; (see Theorem 4.1 in [35]). Furthermore,
Pi(1, = 1) — 1 as a; — oco. Hence the value of E;{exp(—x;)I (7, = 7;)} converges to ; which along
with the previous equality implies (3.16).

Consider the second test d;. Obviously, the equality (3.19) is true for R;(dp) if 7, and 7; are replaced

with v, and v;, respectively. In turn, this equality implies
me:m&%mpwwmqu@+mmmu%:m}
where
Bi(vi) = Yi(vi) — &i(vi). (3.20)
Next, by (3.11),
Zij«(vi) = Yi(vi) = bi + Xi on v; < o0,
where y; is the overshoot of the process Z;;«(n) — Y;(n) over the level b; at time instant v;, and hence

R;(0p) = m; exp(—0b;) Ei{exp[—ii — ﬁi(yi)]I(ub = Vz)} .
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Note that by considering the difference of (3.4) and (3.5), 8;(v;) of (3.20) can be shown to satisfy
—log(M —1) < Bi(v;) <0 on {y; < o0},
which implies the inequalities
mie Ei{e*XiI(Vb = V,)} < Ri(dp) < (M —1)m; e b Ei{e*f“I(Vb = VZ)}

Now, P;(vpy = v;) — 1 as b; — oo, and by Theorem 4.1 of Woodroofe [35] E; exp(—x;) — i, due to the
fact that Y;(n) is slowly changing. Thus E;{exp(—x;)I(vy = v;)} converges to ;. This fact together
with the previous inequalities yields (3.17) and the theorem follows. [ ]

As a consequence of Theorem 3.1 and Theorem 3.2 we have the following important result.

COROLLARY 3.1. If a; = log(m;vi/R;) and b; = log((M — 1)m;v;/R;) , then as maxy Ry — 0

Ri(éa) = RZ + O(Rz) ; RZ/(M — 1) + O(Rz) < Ri(éb) < RZ + O(Rz) ; (3.21)
E;7, = D%- [1og(Wme> n m] +o(1); (3.22)
Eivp = D%- [mg(Wj*TW) +log(M — 1) + %l-] +o(1). (3.23)

It is important to emphasize that the test J, performs better than the test ;. Indeed, according
to (3.22) and (3.23) the difference between E;v;, and E;7, is equal to D; ' log(M — 1) + o(1) if we take
b; = log((M — 1)mvi/R;). For large M the difference may appear to be substantial. However, for the
procedure d, we guarantee only the inequality R;(d,) < R; while for the procedure &, the corresponding
equality holds. Thus, the real difference between the two tests would be less than D; *log(M — 1) if
the thresholds b; can be chosen so that R;(dp) ~ R;. In that case, the difference between E;v;, and E;7,
can be made negligible. For the symmetric case with respect to decision risks, where for all , j, i # j

log R;
Cij = — ~ 1
log R;
the fact that E;i = E;7, + o(1) may be implicitly derived from the results of Lorden [22]. More
specifically, if R;(6,) ~ R; and (3.24) is fulfilled, then

as  max Ry —0, (3.24)

Eivy — inf_ E;7 = o(1) as max Ry — 0. (3.25)
seA(R) k

We suspect that the same result is true as long as ¢;; are arbitrary numbers bounded away from 0 and
oo. We do not have a rigorous proof for this case; however, simulation results given in Section 4 agree

with this conjecture.

3.2. The General Case. Thus far we have assumed that the minimum distance D; = min;-; D;;

is achieved uniquely (see the condition (3.1)). We now relax this condition. For fixed i, let
Dy < Dy < -+ < Dy
be the ordered values of Djj, j # i (Djjpr) = +00). Throughout the rest of this section we assume that
Djjyy =+ = Dip) < Djjpp) for some re{l,..., M —1}. (3.26)
Note that condition (3.26) includes the fully symmetric situation
Dy =D; forall je{0,1,...,M—1}\i (3.27)
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when r = M — 1. Note also that the previous asymmetric case is covered by setting r = 1.

The derivation of the asymptotics for the general case is more complicated than in the asymmetric
case. The reason is that if we write the Markov times 7; and v; in the form given in (3.2) and (3.3), the
sequences corresponding to {&;(n)} and {Y;(n)} are not necessarily slowly changing in the general case.
A different approach and stronger conditions (see the Cramér-type condition (3.34) below) are required
to tackle this general case.

Recall that Z;(n) = >}, log fi(X) is the log-likelihood function of the observations up to time n.
Now, let

,U,Z]:EZZ](]_), jG{O,l,...,M—l}\i
denote the corresponding mean value of the increment of the log-likelihood function under H;.
Let ju;1) < pig) < -+ < ptippr—1) be the ordered values of pgj, j # i, with (j) denoting the index of
the ordered values, i.e.
Gy =k, if = p, (3.28)
with an arbitrary index assignment in case of ties.

Now, under assumption (3.26), there are r values that achieve the minimum distance D;. Since

D;j = E; Z;i(1) — p;j, we must have r values that achieve the maximum of {1;;,7 # i}, i.e.
HalM—1—r] < Hi[M—r] = == = Mim—1]  (H[o] = —00) -
Next, define an r-dimensional vector Y; = (Y14, Y2, ...,Y;;) with components
Yii=2Zm-1—riky(1) = pipg—1-r48) = Zd—1—r4k) (1) — i1y, k=1,...,m.

Obviously, Y; is zero-mean. Let V; = Cov;(Y’;) denote its covariance matrix with respect to P;.
Now let

—-1/2 _
doi(@) = [2n) [Vil] P exp {~aviiaT}
be the density of a multivariate normal distribution function with covariance matrix V.
The asymptotic expansions in the general case are derived using normal approximations (see Bhat-
tacharya and Rao [5]). In this context, we introduce the variables h,; and C,;. The variable h,; is

the expected value of the maximum of r zero-mean normal random variables with the density function

bo,v;(x), ie.

hyi = / ) (1%?%5 5Uk> o,v,(x) d (3.29)
and C.; is given by
Cri = / i (élkagr xk) (731'(33) + Aivfle) bo,v; () d, (3.30)
where
Xi = Mgy M) s Ak = logwinr—1—rthyi» (3.31)

and where P;(x) is a polynomial in @ € R" of degree 3 whose coefficients involve V; and the P;-
cumulants of Y'; up to order 3 and is given explicitly by formula (7.19) in Bhattacharya and Rao [5].
Due to the lengthiness of this formula we have not included it here. Computing the constant h,; for

a given application is relatively straighforward, since the integral in (3.29) involves only the covariance
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matrix of the vector Y;; further simplification results in the case where V; is diagonal. Computing the
constant Cy; is, in general, quite difficult due to the fact that the polynomial P;(x) is a complicated
function of the statistics of Y,;. However, in the symmetric situation (which is usually of interest),
where V; is of the form v?I + ¢ (with I being the identity matrix), and A\r; = \;, for k =1,... 7, a
considerable simplication is possible (see Section 3.3.2 below). Note that the application of the normal
approximations requires a Cramér-type condition on the joint characteristic function of the vector Y;
given in (3.34) below.

We now present a “heuristic” outline of our approach to finding asymptotics in the general case.
We focus on the second test &, since our approach works more naturally for this test. As we shall see
in the proof of Theorem 3.3, the asymptotic ASS results for the §, follow from those for .

The Markov time v; of (2.5) may be written in the form:

v = inf{n :Si(n) > b +&(n) + hm\/ﬁ} , (3.32)
where
Si(n) = Zi(n) — npin—1)
is a random walk with increments having positive mean E;Z;(1) — ;-] = D;, and

£(n) = Tilgf [log wii + Zi(n) — npippr—11] — heiv/n .

It is established in the proof of Theorem 3.3 that {£(n)} is a slowly changing sequence that converges

in distribution to a random variable £, and that
Ei(n) — Ei = C,; as n — oo,

where C,; is defined in (3.30). In comparing with the corresponding equation for the asymmetric case
given in (3.3), we see that S;(n) is written in terms of the log-likelihood function of the observations
under H; as opposed to the log-likelihood ratios. Defining S;(n) in this fashion is required for the
corresponding {£{(n)} sequence to be slowly changing in the general case. Also note that in addition
to the slowly changing term there is a nonlinear deterministic term that is added to the threshold in
(3.32).

Now note that from (3.32),

Si(vi) = bi + &(vs) + hrin/Vi + X on {y; < oo}, (3.33)

where y; is the overshoot of the process S;(n) — &(n) — hy;y/n over the level b; at time v;. In the limit

as b; — 0o, we expect v; to approximately satisfy the equation
viDi = bi + &+ hyin/vi + X

where x is the limiting overshoot. Solving this equation for v; gives

1 h?, b 2
. b 2 h . )
v D; Z+2Di+ i Di+4Di2+X+f

Finally, using uniform integrability arguments, we expect that

1 hg,i b; h72",z'
Eiv, = D; b; + 5D, + R D, + 1D? +i+Cri|
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where s; is the expected limiting overshoot, and C,; is expectation of the limit of the slowly changing
sequence {£(n)}. The following theorem formalizes this result, and the detailed proof based on the
renewal theory of Zhang [36] is given in the Appendix. We write @ = ming ax and b = miny by, for

brevity.

THEOREM 3.3. Suppose that Z;(1) is P;—non-arithmetic, the covariance matriz V; of the vector Y ;
is positive definite, E;||Y;||> < oo, the condition (3.13) holds, and the Cramér condition

lim HtH_@OEl exp{] : (t, Yz)} <1 (3.34)

on the joint characteristic function of Y ; is satisfied. Then

1 b h”2
Eivy = — |bi + hyj 4D2 +Cri| +0(1) as b— oo, (3.35)
Bir = — |ai+h 4+ Crs+ K| +o(1) (3.36)
o — .
iTa D, a; 7,0 4D2 i as a 00,

where 0 < K < log(M — 1) is a constant which does not depend on a;, and s; is the expectation of
the limiting overshoot in the one-sided SPRT based on the log-likelihood ratio Zypr—1y(n) = Zi(n) —

Ziv—1y(n).

REMARK 3.2. Numerical results given in Section 4 indicate that setting K = 0 in (3.36) consistently
produces the best match with simulated ASS values for test 4.

REMARK 3.3. We note that in the general case we have not been able to obtain the counterpart
of Theorem 3.2. Thus, we need to rely on weaker Wald type inequalities for the risks in order set the

thresholds to meet risk constraints. In particular, as we established in Lemma 2.1 of [13],

R;(04) < m;iexp(—ay), Ri(6p) < (M — 1)m; exp(—b;) . (3.37)

3.3. Some Special Cases. In the following we address the issue of computing the constants h, ;

and C,.; appearing in asymptotic expansions for the ASS given in Theorem 3.3.

3.3.1. Case 1. In the asymmetric case (3.1), r = 1, and it is easily shown that h;; = 0. Also, as
shown in (7.21) of [5], P;(x) = EiYBi (3 — 32)/6 in this case. Now, since for the standard Gaussian
random variable EX* = 3EX?2, we see from (3.30) that C1,; = logwj+;. Thus the resulting expression
for the ASS is consistent with the result of Theorem 3.1.

3.3.2. Case 2. Consider the symmetric case where {Y},;,k = 1,...,r} are identically distributed
(but not necessarily independent), and where V; is of the form v2I+¢ (with I being the identity matrix),
and A\, ; = \;, for k =1,... 7. This case often arises in practice (see examples in Section 4).

First suppose that ¢ = A\; = 0. In this special case, it is easy to see from (3.29) that

hr,i = Ulh; (338)
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where h is the expected value of the standard normal order statistic. (See Table 1 for computed values
of h}.) Furthermore, we may use the results in [11] to get the following relatively simple expression for
C'i. (Note that the second term inside the integral in (3.30) is zero since A = 0.)

Cr

2
6v;

3
ri — 1114 .
Cri = (E;YY) (3.39)

where

Cr = T/OO z(z)®(z) 2 [(T — Dp(z)(1 — 22) 4 (23 — 32)®(x) | dx (3.40)

— 00

and where ¢(x) and ®(x) are standard normal density and distribution functions, respectively. See
Table 2 for computed values of C;.

We now remove the restriction that ¢ = 0 (still assuming A; = 0). Note that for V; to be positive
definite, we require that € > —v? /7. Since Y is zero mean with covariance V; = U?]I + € under H;, we

may write
Yii =Y +nY,

where
n -
Y. =Y. — _<l§ Y.) 3.41
ki ki 1 n rk:1 ki ( )

is zero mean with covariance V; = oI, Y = 1377 ¥}, and

er
n=-1+,/1+ 5.
v;

Thus, for £ # 0, the slowly changing term ((n) in equation (A.12) in the proof of Theorem 3.3 simply
gets modified, relative to the case ¢ = 0, by the addition of the term nY. It is easy to see that the
addition of nY does not affect the conditions needed on &(n) given in (A.13)—(A.18). Furthermore,
E;Y = 0 implies that E;¢ is also unaffected. Thus, using (3.39), we can see that C,; is given by

Cr

2
6v;

Cri = (BY?) (3.42)

for all allowable ¢, i.e. € > —v?/r. It is also easily shown that h,.; is given by (3.38) for all ¢ > —v?/r.
Indeed, if (X1,...,X,) ~N(0,Vy) with such V, then

Emax{Xy,...,X,} = Emax{X; +nX,..., X, +nX} = Emax{X,,..., X,} + nEX ,

where (X1,...,X,) ~ N(0,021), and X = LD X, is zero mean.
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TABLE 1. Expected values of standard normal order statistics. The computa-
tions were done on a HP computer using Maple V. The first four values coincide with

known “exact” values.

r hy r hr r hy,
21 0.56418 95835 || 14 | 1.70338 1555 80 | 2.42677 4421
3 | 0.84628 43753 || 15 | 1.73591 3445 90 | 2.46970 0479
411.02937 5373 || 16 | 1.76599 1393 | 100 | 2.50759 3639
51 1.16296 4473 || 17 | 1.79394 1981 || 200 | 2.74604 2451
6 | 1.26720 6361 || 18 | 1.82003 1880 || 300 | 2.87776 6853
711.35217 8376 || 19 | 1.84448 1512 || 400 | 2.96817 8187
8 | 1.42360 0306 || 20 | 1.86747 5060 || 500 | 3.03669 9351
9 |1.48501 3162 || 30 | 2.04276 0846 || 600 | 3.09170 2266
10 | 1.53875 2731 || 40 | 2.16077 7180 || 700 | 3.13754 7901
11| 1.58643 6352 || 50 | 2.24907 3631 || 800 | 3.17679 1412
12| 1.62922 7640 || 60 | 2.31927 8210 || 900 | 3.21105 5997
13| 1.66799 0177 || 70 | 2.37735 9241 | 1000 | 3.24143 5777

TABLE 2. Values of the absolute constants C} for the case A =0, V = 1. The

computations were done on an HP computer using Maple V.

r Cr r Cr r Ccr
210.0 14 | 2.20924 80 | 5.08274
310.27566 || 15 | 2.31444 90 | 5.28802
410.55133 || 16 | 2.41374 || 100 | 5.47243
510.80002 || 17 | 2.50776 || 200 | 6.70147
6 | 1.02174 || 18 | 2.59705 || 300 | 7.43096
71 1.22030 || 19 | 2.68205 | 400 | 7.95237
8 11.39953 || 20 | 2.76316 || 500 | 8.35874
9 |1.56262 || 30 | 3.41871 || 600 | 8.69193

10 | 1.71210 || 40 | 3.89695 || 700 | 8.97438

11 | 1.85003 || 50 | 4.27404 || 800 | 9.21958

12 1 1.97802 || 60 | 4.58561 || 900 | 9.43625

13 ] 2.09740 || 70 | 4.85120 || 1000 | 9.63036

Consider the case A; # 0. In this case, we simply subtract \; from £(n) and add it to b; in equation
(3.32). Then the modified £(n) is identical to that obtained in the case A; = 0, and hence its limiting
value is given by C,; of (3.39).

To summarize, for ¢ > —v?/r and \; € IR,

1 )
Eith = = [F (b + N, Dy, v, BV, + %l} , (3.43)

]
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where

u2(h¥)?2  u?(h)? C*
(57 w20 oG
4q 2q 6u

a
Fyfaq..9) =+ uhiy [% ¢ (3.44)

A similar expression holds for E;7, with b; replaced by a; and K added to s; in (3.43)

4. Applications and Results of Simulation

In this section, we consider examples which are meaningful in many applications such as target
detection by multiple-element-resolution radar systems [6], [23], acquisition in code division multiple
access (CDMA) communication systems [33] and others [15], [14], [26]. Simulation results are provided
for these examples that verify the accuracy of the approximations obtained in the previous section. In
addition, the performance of the MSPRT’s is compared with that of non-sequential (fixed sample size)

tests.

4.1. Example 1: Testing the Mean of an iid Gaussian Sequence. Suppose the observations

are given by
Xpn=0+¢,, n=12...

where, under H;, 0 = 6;, and g, ~ N(0,0?%) is Gaussian noise. The log-likelihood ratios of the observa-

tions are easily computed as

00, 69

o
o2 202

AZZ']' (’I’L) =
and the Kullback-Leibler distances are given by
Dij = (91 — 9j)2/20'2 .

Consider the case of three hypotheses (M = 3) where 0 < 0; — 0y = Ap < 02 — 01 = A;. Then

min;; D;; is achieved for only one j, and
Dy=Do1=D1=Diw=po; D2=p

where we denoted py = A3/202, p1 = A2/202.

Also, suppose that the prior distribution is uniform, 7; = 1/3, and the loss function is zero-one (i.e.
W (j,i) =1 for all j # i). As noted earlier, for the zero-one loss function, {R;(4)} represent frequentist
error probabilities. Suppose we are given risk constraints {R;}. Then, if we set a; = log(v;/3R;) and

b; = log(2v;/3R;), we can apply the results of Corollary 3.1 to get

Ri(64) ~ R;, R;i/2<Ri(&%) < Ri;

1 ; 1 27; .
E;1, =~ E {log <3’Z{Z> —l—%i] , B = E [log (3;1) —i—xi] , 1=0,1,2
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where g, 71, 30 and 3 are calculated using techniques described in [35] and are given below:

k=1
72:Eexp{—2]§%®(— %k)}, (4.2)
==+ S-S e (VB0 - AR (BB o

The performance of the tests d, and & for two different test cases is given in Table 3. In the table,
R; and E,;7 are the estimates of the risks and ASS obtained by Monte Carlo techniques. Note that
the second order asymptotics are considerably more accurate than the first order asymptotics. Note
that for the designed values of the thresholds, the expected sample size for 9, is slightly larger than
that for d,. This is consistent with the result of Corollary 3.1. As we noted in the discussion following
Corollary 3.1, the difference between the two tests will be negligible if d; can be designed to meet the
risk constraints R; more tightly. Experimentation indicates that R; is better approximated by setting
{b;} using the lower bound in (3.17), i.e. b; = a;. These results are also shown in Table 3.

Note that when Ag = Ay = A, we have Dig = D12, and, therefore, the above approximations for
Ei7, and Eqv4 are no longer valid. In that case, Theorem 3.3 needs to be used for Hy. It is interesting
to note that V1 has the form v?I + € considered in Section 3.3.2 with v? = 4p, ¢ = 1/2 — 2p, and
Ak, = A1 = 0. Thus (3.43) may be applied to calculate accurate approximations for the ASS in this
case. Note that a further simplification results in this case since C5 = 0 (see Table 2). Typical results
for this symmetric case are given in Table 4.

The performance of the sequential tests may also be compared with fixed sample size (F'SS) tests.
It is not easy to design an FSS test that meets the individual risk constraints {R;}. However, the FSS
test that meets the corresponding constraint Rg on the total Bayes risk >; Ri is easily shown to be of

the form:

choose Hy if X7 < (0o +601)/2
choose Hy if X7 > (01 + 02)/2

choose H; otherwise

where X7 = 22:1 Xp/T, and T is the (fixed) number of observations. It can be shown that the Bayes
risk for this test is given by

R = ; (2@ (VT(0: —b0)/20) — & (VT(6: — 1) /20 )|

Using this equation, the value of T that meets the constraint Rp can be found. Comparing T, E1, =
> i TiEiTq, and Ev, = >, m;E;pp, in Tables 3 and 4, we see that the sequential tests are two to three

times faster than the corresponding FSS tests.
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4.2. Example 2: The Slippage Problem. As a second application of the above results, we con-
sider the problem of detecting a single target in a multi-channel (multi-resolution) system which is essen-
tially a multi-sample slippage problem [13]. Suppose there are N channels. In the i-th channel one ob-
serves the process X , and all components may be observed simultaneously, i.e. X, = (Xin,...,XNn),
n > 1. There may be no useful signal at all (hypothesis Hp) or a signal may be present in one of the
N channels, in the i-th, say (hypothesis H;). Thus, the number of hypotheses M = N + 1. The goal
is to detect a signal as soon as possible and to indicate the number of the channel where the signal is
located.

Under hypothesis Hy, X1 p,... , Xn,, are mutually independent and distributed with common den-
sity go(x) which describes the distribution of noise, and, under H;, all X}, are mutually independent,
Xinsooo s Xicin, Xitins .-, XNy, are distributed with common density go(z) and X;, has density
gi(x). The latter describes the distribution of a mixture of signal and noise.

Assume, for simplicity, that g;(z) = g1(z), i = 1,... ,N. In other words, the statistical properties

of the observed data do not depend on the number of the channel where the signal is located. Then

N N

fO(wn) = H go(xk,n)§ fz(a:n) = gl(xiyn) H gO(xk,n)v 1=1,... ,N. (45)
k=1 k=1
lAi

Therefore, the log-likelihood ratios are given by

g1
AZip(n) = —AZy;(n) = log =——=% |
o(n) 0i(n) % g0(Xin)

AZij(n) = AZip(n) + AZy;(n), i#3j;4,5#0.

By the symmetry of the problem, the distances D;y = ¢; (say) are the same for i = 1,... , N, and
so are Dg; = qo (say) where

Q= /1og B;g;] g1(x)dz, and gy = /108; [gigﬂ go(x)dzx (4.6)

Also the distances between the non-null hypotheses are given by D;; = ¢1 + qo, V 4,5 # 0. Hence

Dy = qo, D; = q1, i = 1,...,N. This means that for hypothesis Hy, we have the fully symmetric
case with Dy = minj»o Do; = Do; = qo, @ = 1,...,N; while for any other hypothesis H;, i # 0, the
asymmetric condition (3.1) holds with j*(i) = 0.

Further, we assume that the conditional prior distribution of the signal location is uniform, i.e.
Pr(H; | Hp is incorrect) = 1/N. In other words, if m9 = Pr(Hp) is the prior probability of signal
absence, then m; = Pr(H;) = (1 —m)/N,i=1,... ,N.

Finally, given the symmetry of the problem, the following three-valued loss function is appropriate.

Wy forj=0,¢=1,... ,N
Wy forj=1,... ,N,i=0
Wy forj=1,... ,N,i=1,... N, j#i

0 otherwise .
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That is, we assume that the losses associated with false alarms, missing the signal and choosing the

wrong signal are respectively given by Wy, Wi and Ws. The decision risks are then given by

N
1—
Ri(é)—wzaﬁ—l—ﬂow&)am, t1=1,...,N,
j:17
JFi
N
1 —mo)W
Ro((S) == (]VO)lZOéjo.
j=1

Under these assumptions, it is clear that we require to specify only two thresholds for each sequential
test, ag, a; = a1 and by, b; = by (i =1,...,N). Then, by symmetry, the conditional error probabilities
for both tests satisfy the following properties:

aj():Oél(]Vj?éO, Oéji:Oqui?éO,j?éO S.t.i;éj, andagj:a()1Vj7éO.

Thus, we have

(1 — 7o) Wa(N — 1)
N

R;(0) = R1(0) = aiz + moWoaor, i=1,... ,N;
Ro((g) = (1 — 7T0>W10410 .
To meet constraints {R;}, we set a; = log[y1(1 — mo)/NR;] and b; = log[y1(1 — m0)/R;], for i =
1,...,N. Then, by Corollary 3.1, we get

’;p \

Ri(6) ~ R;, —<Ri(&%)<R;, i=1,...,N. (4.7)

=

For hypothesis Hy, we may use the bounds given in (3.37) to set ag = log(mo/Rp) and by = log(N7o/Ro)
and thus guarantee that the risk constraint Ry is met. However, as we see in numerical results, setting
b; =a;,i=1,...,N, ap = log(vomo/Ro), and by = log(2y0mo/Ro) result in tests that approximate Rg
more accurately (of course, without the guarantee of being below Ry).
To compute the expected sample sizes, for i ## 0, we apply Theorem 3.1 to get
E;7, = q—ll(al + M+ %1) , Ejupy = ql—l(bl + M+ %1) , (48)

where
)\1 = log wo; = log [W()?T()N/(l — Wo)]

To compute the ASS under Hy, we need to use Theorem 3.3. By the symmetry of the problem,
r = N in this case. In order to compute the constants h,; and C,;, it is convenient to use the measure
pw(xn) = [1i_1 91(zk,n) as the dominating measure for defining densities. Then the likelihood functions
of (4.5) get modified to

N
LTk.n 9o\ Tk,n .
)5 fi(xn):gl(xi,n) Hﬁ, i=1,...,N.

=
=

fo (wn) =
k=1
ki
With these likelihood functions, the vector Yy has components given by:

N

Z gO(xm,n)
m—1 g1 (SUm,n)
m#£k

g0 (2mn)
0 ;
Yio = Z RS — By
ey I1 (xm,n)
m#k
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It is easy to show that the covariance matrix Vy has the form v3I+¢, considered in Section 3.3.2, where

gl(X)]

go(X)

with Varg[-] being the variance relative to the density function go(x), and where

vg = Varg [log

e=(N—-2)v3.
Furthermore
ko = Ao = logwy o = log[(1 — mo) W1 /Nmo] .

Thus (3.43) may be applied to get

1 .

Eovy, =~ w© [FN(bo + Xo, 90, vo, EYP) + %0] ; (4.9)
1 =3

EoT, = w© [FN(GO + Xo» qo, vo, BoYo) + 30 + K] ; (4.10)
0

where 0 < K <log N, and F,(-,-,-,-) is as defined in (3.44).

Special case: signal always present

We now consider the situation where the null hypothesis Hy is excluded from consideration, i.e. we
are certain that the signal is present in the system and only its location is to be determined. In this
case we have a fully symmetric set of N hypotheses.

It is easy to see that the distances between the hypotheses are D;; = q1+qo forallé,j =1,... ,N,j #
i, where ¢; and o are as defined in (4.6).

Due to the symmetry, one may set a; = a, b; = b, m; = 1/N for i =1,... N, and assume a zero-one
loss function. The risks {R;(d)} are then all equal:

R;i(6) = R(6) = (N — 1)a1z/N

where a9 = Pj(d = i),Vj # i is the probability of signal mixing. In order to meet a risk constraint
R, we use the bounds given in (3.37) to set a = log[1/(NR)] and b = log[(N — 1)/(NR)]. This will
guarantee that the constraint R is met. However, as seen in numerical results, setting a = log[y/(NR)]
and b = log[2y/(NR)] (where v = ;) results in tests that approximate R more accurately.

To compute the ASS under any of the hypotheses, say Hi, we first note that we have a situation
covered under Theorem 3.3 with » = N —1. In order to compute the required constants, it is convenient
to use the measure pu(x,) = [[7_; go(xkn) as the dominating measure for defining densities. Then the

likelihood functions are given by

filan) = S@in)

9o(win)’

The components Y}, 1 of the vector Y'; are obviously i.i.d. in this case, with variance given by

- )
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where Varg[-] denotes the variance relative to the density function go(x). Thus V'; = v?I. Furthermore,

by symmetry, A1 = A1 = 0. Applying (3.43), we get, for alli=1,... N,

1
Eivp ~ [FN_ b, qo + qu, v, E Y3 +4, 411
i o +a 1( qo T q1 1 1,1) ( )
1
Eit, = prra [FN—I((% Qo+ a1, v, E1YP)) + 3+ K} : (4.12)

Here 0 < K <log(N — 1), 3 = 5;, and F,(+,-,,-) is as defined in (3.44).

4.2.1. Detection of deterministic signals in white Gaussian noise. Consider the problem of detection
of a deterministic pulse signal in an N-channel radar in the presence of additive white Gaussian noise.

The pre-processing scheme consists of a matched filter, matched to the pulse. Then the hypotheses are

Ho: ka:gkm for kZl,...,N,

H; : Xk,n = Sk,n for k # i Xi,'fl =0+ Si,n

where i, ~ N(0,0?) are iid Gaussian variables (both 6 and ¢ are assumed to be known). Note that

) = en{-as). o) = men{-C7)

Let p = 0#%/20? denote the signal-to-noise ratio (SNR). Then it is easy to show that go and ¢; of

(4.6) are both equal to p. The constants 1 =~y and 3] = 3 are obtained by substituting pp = p in
(4.1) and (4.3), respectively. The vector Y is Gaussian and zero mean. From (3.41), it is clear that Yo
is Gaussian and zero mean as well. Hence E0Y1?:0 = 0. The constant U% can be shown to equal 2p. Using
these constants, we can compute the ASS for both tests for any given costs, priors and risk constraints.
Sample results are given in Table 5. Note that the second order asymptotics are considerably more
accurate than the first order asymptotics, particularly for hypothesis Hy.

In the completely symmetric case (signal is always present but its location is unknown), the required
constants are given by qg + ¢1 = 2p, v% = 2p, Engjl = 0, and v and » are obtained by substituting
po = 2p in (4.1) and (4.3), respectively.

For the completely symmetric case, the best FSS test chooses H; if X;7 = max; Xj,T, where
Xir =3 X;,/T, and T is the (fixed) number of observations. It can be shown that the risk R for
this test is given by

Using this equation, the value of T that meets the constraint R can be found. Comparing T, E7, and

1 1 [ N1 (z — VT9)’
o /_Oo [(D(:L‘)] exp [_

Ev, in Table 6, we see that the sequential tests are two to three times faster than the FSS test.

4.2.2. Detection of fluctuating signals. Now suppose that one wants to detect a fluctuating signal
in additive white Gaussian noise from data at the output of a pre-processing scheme which consists of
a match filter and square-law detector [2]. Under the assumption that the signal has slow Gaussian

fluctuations within pulses and fast fluctuations between pulses (the Swerling IT model), the observed
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data is exponentially distributed and independent. After appropriate normalization,

10220},

x

go(x) = exp(—z) I{x > 0}, g¢gi(x) = L exp [ T+,

1+p
It is easy to show that gp and ¢; of (4.6) are given by:
qo =log(1+p) —p/(1+p), and ¢ =p—log(l+p)
and that
AZip(n) = 15 Xin —log(L+p),  AZjj(n) = 5[ Xin — Xjnl -
Since under H; the distribution of AZ;p(n) has an exponential right tail,

Pi{AZip(n) >z} = ﬁ exp {—%z} I{z > —log(1+p)}, (4.13)

+7)
the distribution of the overshoot r;(c) = Zjo(7i0) — ¢ is exponential for all ¢ > 0 [31],[35]:

Pi{ri(c) >r} =exp {—%r} I{r >0}.
Thus,
1 =p, n=1/(1+p)

and it remains to compute the constants v and sy. By Port [24], the density of the overshoot ry(c) =

Z0i(70;) — ¢ under Hy may be written in the form
poly) = q%Po{ngil;lZOi(n) > y} = q%Po{ZOi(n) >y,n>1}.
Introduce the stopping time
7—(y) =inf{n > 1: Zoi(n) <y} fory <In(l+p).

Obviously,

Po{Zoi(n) > y,n > 1} = Po{7—(y) = 0o} = 1 — Po{7_(y) < oo}

=1- / exp{Zoi(1_)} dP; = 1 — eVEe X~ )
{T-<o0}
where x_(y) =y + Zio(7—). It follows from (4.13) that for any y <In(1 + p)
Pilx-(y) > t} =exp{ -3t} I{t = 0}, Bie=0) = (14 p)!

and hence

po(w) = - [1 = e’ HO <y <1+ )}

Using this last expression we finally obtain

1
0=, %0 =g - log(1+p)]* — 1.
0 )

The constant U(Q) is given by
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It is easy to show that

Now, starting with the definition of ¥; o given in (3.41), a series of straightforward calculations leads to

- 2p° 4 6
DR A {1—1————} |
M1+ p)? N2 N
Using these constants, we can compute the ASS for both tests for any given costs, priors and risk

constraints. Sample results are given in Table 7.

For the completely symmetric case (we don’t test the hypothesis Hp),
Pi{AZy(n) > 2} = P{x; > B2z 4 x|

o0
:/ Pi{Xi>¥z+x e “dx
0

= /oo I{x >0}1 {x > l—t"z} exp{—(%z + ﬁpaz)}e‘xda:

—|—/ I{x > 0}I {x < %z} e Tdr
After some simple algebra, we obtain

1
P,-{AZij(n) > z} = [1 + 2iZexp{éi—Zz} — exp{?z}] I{z <0}

1
+ Qizexp{—%z} I{z>0}.

Hence again the distribution has an exponential right tail and the overshoot r;;(c) has the exponen-

tial distribution with the parameter 1/p. Thus

wi=p, vi=1/1+p).

The constant v? obviously equals v%, and Elij1 is easily seen to be given by

2p3

EY}=—"—.
(1+0)

Sample results for this case are given in Table 8.

5. Conclusions

We studied two constructions of sequential tests for multiple hypotheses. The MSPRT §;, has the
advantage that it is easier to implement, while, as shown in Sections 3 and 4, J, is easier to design to
meet given risk requirements. We established in [13] that both MSPRT’s asymptotically minimize any
positive moment of the stopping time distribution, under general statistical models for the observations.
This makes the MSPRT’s attractive candidates for practical applications, and it is hence of interest to
obtain analytical approximations for the expected sample sizes of these tests.

Simulation results for several examples and various conditions show that while the first order ap-
proximations to the expected sample size are fairly inaccurate in most cases, the derived higher or-

der approximations (up to a vanishing term) are accurate not only for large but also for moderate
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sample sizes, which are typical for many applications. This is especially true in cases where the set
I'i = {j : Dij = D;} consists of more than a single point j*(i). But even in the asymmetric situation
when j*(7) is unique, the higher order approximations are substantially more accurate compared to the
first order ones.

For the test d,, the risk constraints are sharply met by setting the thresholds as specified in Corol-
lary 3.1. This is true not just in the asymmetric case (as may be expected from Corollary 3.1) but also
in the general case. For d;, on the other hand, it is more difficult to meet the risk constraints. But if
the thresholds for d, are chosen (by trial and error) to meet the constraints tightly, then the average
sample sizes are the same as those for §,.

The results presented in this paper complete the asymptotic analysis initiated in [4] for the case
of i.i.d. observations. Since the MSPRT’s studied in this paper are asymptotically optimal under more
general statistical models for observations, it would be of interest to analyze the performance of the

MSPRT’s under these models. We leave this as an open problem for future research.
Appendix
PrRoOOF OF THEOREM 3.1. Consider the test §,. We first show that

1
E;m; = ﬁ(ai + log wj=; + xi) +0(1) as mkin ap — 00 . (A1)
The above result follows from (3.10), (3.8) and an application of Theorem 4.5 of [35]. However, before
we can apply Theorem 4.5 of [35], the validity of the following four conditions has to be checked:

&(n) converges in distribution to a random variable £ ; (A.2)
o0

ZH’{&(”) < —en} < oo forsome 0<e<Dj; (A.3)
n=1

Pi(n < sai/Di) = o(l/ai) forsome O0<e<1 as a; — 00 ; (A.4)
max [§;(n+ k)|, n>1, are uniformly integrable. (A.5)
0<k<n

By (3.8), the condition (A.2) is true with { = logw;=;. Condition (A.3) holds since &;(n) > log w;;.
Obviously,
T >t = 1nf{n >1: Zij* (n) > dl} ,  Q; = a; + logwj*i

and hence

Pi(ﬂ' § m) S Pi(ti § m) = Pi {maXZij*(n) Z &i}
n<m

(A.6)
=P, {m<ax exp[AZ;j+(n)] > exp()\&i)} , A>0.

It is easily checked that the process exp[AZ;;+(n)], n > 1, is a P;-submartingale for any A > 0. Applying
Doob’s inequality for submartingales [21] to the last term in (A.6), we obtain

Pi(1i < m) < exp(—Aa;)E; exp[AZjj+(m)] = exp(—Aa;) exp[mp; ()]

where

‘ 1+
pi(A) = log <Ej* [%] ) >0 for A>0.
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Taking m = ea;/D;, we finally obtain
Pi(Ti S Eai/Di) S exp[—di(/\ — e’;‘pz()\)/Dl)] . (A7)

Choosing ¢ sufficiently small, e < AD;/p;(\), one may see that P;(7; < €a;/D;) is bounded by exp(—Cla;),
C > 0, and hence the condition (A.4) holds true.

Thus, it remains to check the condition (A.5) (uniform integrability) which is a straightforward but
tedious task (see, e.g., [4]).

Therefore, all conditions of Theorem 4.5 in [35] are satisfied. The use of this theorem yields (A.1)

for large a;. To prove the assertion of the theorem for the test procedure d,, it remains to prove that
Ei(ri — 1) = 0(1) as mkin ap — 00 (A.8)
To this end, we first observe that
Ei(ri —1q) = EZ{(TZ — 7)1 (14 # Tl)} < 2Ei{7'i I(r, # Tl)} .

Using Schwarz’s inequality, we get

Ei(Ti - Ta) S 2\/EZ‘T1»2\/ Pi(Ta 7é Ti) .
By Lemma 2.1 in [13]
> mW (i, k)Pi(da = k) < e
ik
which implies
Pi(de = k) <wj'e ™ forall k#i.
In turn, the latter inequality yields

Pi(ra #75) =Pida #1) =Y Pilda =k) <> wy' exp(—ay)
ki ki

N :
< —— exp(—minay)
MINg£; Wik k

Now E;72 ~ a?/D? by Corollary 3.1 in [13]. Thus,
Ei(1i — 1) < Cay exp(—% mkin ak) —0 as mkin ap — 00

and the theorem follows for the MSPRT 4,.

For the test §, the argument is quite similar. In just the same way as above one can prove that the
conditions (A.2)—(A.5) hold for the process Y;(n), n > 1. Then using (3.3)—(3.12) and Theorem 4.5 in
[35], we obtain

1
E;v; = 3 (bz + log W= + %i) + 0(1) as Hlkin b — 00.
i

The rest of the argument is essentially the same. [ |

PrOOF OF THEOREM 3.3. Consider the test procedure §,. Arguments identical to those used in
the proof of Theorem 3.1 may be used to establish that it is sufficient to prove (3.35) only for v;.
Now recall from (3.32) that

v; = inf{n: S;j(n) > &(n) + A(n, b))} (A.9)
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where S;(n

) = Zi(n) — npip—q) is a random walk with increments having positive mean E;Z;(1) —
pipvi—1) = Diy A(n, b;) = b + hyjy/n and

£(n) = filgf( [log wyi + Zi(n) — nMi[M—l]] - hr,i\/ﬁ- (A.10)

It is desirable to replace the maximization over k # i in (A.10) by a maximization over only those

k corresponding to the r nearest hypotheses. To this end, let

L= sup{n : j:Mzr}a?')SM_l(logw i T 2 >( )) < j:l,.T]?%—r—ongw( i T 2 >( ))} ,

where (j) is as defined in (3.28).

Due to assumption (3.26), we have

> ; >
P,(L>n)=P; {]<$a§ 1(10gw< Vi + 2 >(k:)) > j>§\r/1121},§_1(10gw< i + 4 >(l<:)> for some k > n}

l
max o8 )i + J(k) > ¢ for some k > n
J<M—r— 1 k k

Z:(k max;< p—r—110g Wiy,
sup( max (k) )> >e— JsM-r—1 06 <J>Z}
k>n ]<A4 r—1 k

n

IN
=

Z P; {sup <
J<M—r—1

k>n

‘Z(k)‘) > 61} ,

where

1
€ = fijM—1] — HijM—r—1) >0, €1 =¢€— Eﬁ%fg_lbg Wi

Zj(k) = Zyy(k) = kpag) — Zoar—1y (k) + k-1 -

Since Z;(k) is a random walk with mean zero and finite second moment, E;|Z;(1)|*> < oo, by the

Baum-Katz rate of convergence in the law of large numbers [3],

|Z;(k
ZPZ<sup )| 1)<oo forall ¢ >0,

n>1 k>n

which along with the above inequality yields

E;L=) Pi(L>n)<oo.

n>1

Hence, for n > L, we can write £(n) of (A.10) as
&(n) = v/n[¢(n) — ] (A.11)
with

C(n) = ma [)\kz+Z(M 14k (1) — npspr—y] (A.12)

1See also Chow and Lai [8] for a one-sided versions that may be applied in the case considered.
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where \;; is defined in (3.31). The proof of (3.35) for v; runs almost parallel to that of Lemma 1 in
Dragalin [11] and is based on Theorem 3 of Zhang [36]. In order to apply this theorem the following

conditions need to be checked.

Pi{yl- <(1- E)bz‘/Di} = o(bi_l) as b; — oo for some 0 < € < 1; (A.13)
nPi{maxogignﬁ(n +1i) > 5n} — 0 as n — oo, Ve > 0; (A.14)
> Pi{é(n) < —wn} < oo for some 0 < w < Dj; (A.15)
{maxi<i<p [{(n +14)|,n > 1} is uniformly integrable; (A.16)
limy, 00 Pi{maxiéﬁ E(n+1i) —&(n)| > 8} =0 for any € > 0; (A.17)
&(n) converges in distribution to an integrable random variable &. (A.18)

Then, by Theorem 3 of Zhang [36],
E,v;, =b+ Dll(m + Eif) +0o(1) as b, — o0 (A.19)

where
b=by, =sup{t >1:A(t,b;) > Dt} = L] + b B0 + h%Q h—a (A.20)
. " D;\| D; T 4D? T 2D:
To prove (A.13) we rewrite v; in the following form
vi =inf{n : S;(n) + v(n) > b;},

where y(n) = —maxlgjgr(S% + ;) with Sh = Z(M—r—144)(n) — nptip—r—145 which is a zero-mean

random walk. Let K = [(1 — €)bz/Dz] and A = maX(Sl(l) — DuSz(2) — 2Di, .. ,Sl(K) — KDZ) (In

what follows we omit the index i in Ay, Aki, Si(n), etc. for brevity.) Then

Pi(v; < K) = Pi{gza%c(S(n) +y(n)) = bi}
- A.21
SPi{%a%(S(n) > (1—6/2)bi}+Pi{gl§aI>(<’y(n) Zsbi/Q} . ( :

By the submartingale inequality, the first probability in (A.21) can be estimated above

Pi{glgal)(( S(n) > (1 - 5/2)b2-} < Pi(A > eD,K)2)

2 \? /
< S(K) — KD;)?dp; .
- <€Dz‘K> {AzaDiK/2}< ) )

Since Var(S(K)) = Ko}, we have that P;(A > ¢D;K/2) — 0 as b; — oo. Then, by the uniform
integrability of (S(K) — KD;)/ooVK,

N\ 2
/ (S(K)—KDZ> P
(A>eD;K/2} ooVK

and hence P;{max,<x S(n) > (1 —¢/2)b;} = o(1/K).
Using the same arguments, it may be shown that the second probability in (A.21)

Pi{g%)((v(n) > 5bi/2} < P@-{g"%)(((—Si — A1) >eD;K/2(1 — 5)} =o(1/K) .

The proof of (A.13) is complete.
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Let N =en — h,v/2n. The proof of (A.14) is a direct application of a submartingale inequality and
uniform integrability of S%n /V2n:

Pi{%@fﬁ(”*‘ k) > sn} < Pz{ﬁ%ﬁﬁ(k) > sn} <P; {gg}émjm( Si —Aj) > N}

1

(N + Ap)? /{maxk<2n(SiA1)>N}

Similar to the proof of (A.4) we have that P;{maxj<2,(—S} — A1) > N} — 0 as b; — oo. Now, the

uniform integrability of S3, /v/2n yields P;{maxj<, £(n + k) > en} = o(1/n) which proves (A.14).
Verification of (A.15) is similar to, but simpler than, that presented in the proof of (A.14) and is

<P; Y S0 - > <
_Pl{kmgaﬁ( Sk >\1)_N}_

(S3)2dP; .

omitted.

Conditions (3.6)—(3.7) (slowly changing) and conditions (A.16)—(A.18) are used in the proof of
Theorem 3 in [36] to obtain the uniform integrability of the overshoot py, = Si(v;) + v(v;) — b; and to
prove that E;{(n) — E;§ as n — co. The former follows from Lemma 4.2 in [10] which states that pp,
is bounded above by a uniformly integrable random variable. The latter convergence is proved in the
next paragraph.

Using Theorem 20.1 of Bhattacharya and Rao [5] with f(x) = maxj<x<,{zx} and s = 3, we have
(under the assumption of our theorem)

Ak
E; =E —
C(n) = E max { + \/ﬁ}

* % /RT e {$k + %} P(x)po,v(x)dx + o(n—1/2)

where ¢ = (¢1,...,5) ~ N;(0, V). On the other hand, transformation of variables and first-order Taylor

(A.22)

expansion for ¢gy (x) in the first integral yield (as n — o)

E1??§r{gk+%}:/}zr 1<k<T{y +T}¢0V( ) dy
/RT oax {zetdov(z — A/vn)dz

(A.23)
/RT max {zx}dov(z) dw
/RT Joax {z AV ra T ¢g v () doe + o(n_l/Q) .
By J2 denote the second integral in (A.22). Obv1ously we have the following estimates for Js
— R <
. 11332 () / P(@)doy (@) da + /Rr max (o }P (@)oo (@) dz < Jy
< — —
[ o (o P@)ony (@) do+ < max (0} [ Pl@)ony () de
which show that
1
Jp = T i {2} P(@) oy (x)dx +o(n"?)  as n— oo. (A.24)

The relations (A.11) and (A.22)—(A.24) give
Ei&(n) = Cr; + o(1) as n — 00.

Substituting the above limiting value for E;£ in (A.19), the required asymptotic result (3.35) follows.
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Now, consider the MSPRT §,. It follows from (2.2) in [13] that if b; = a;,i =0,1,... ,M — 1, then

Eivpy < Eita < Eivpiiogmr-1)

Thus, E;7, may be obtained to within a constant factor K, 0 < K < M — 1, by replacing b; with a; in
(3.35). ]

[
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TaBLE 3. Results for Example 1 with distinct distances between hypotheses.
The number of trials used in the simulations was 10° and 10° for cases (i) and (ii),

respectively. The best fixed sample size test that meets the constraint on the Bayes risk

V. DRAGALIN, A. TARTAKOVSKY, AND V. VEERAVALLI

>; R;i takes 34 and 111 samples for cases (i) and (ii), respectively.

(i) 0o = —0.6, 01 = 0.0, 3 = 1.0; 02 = 1.0

Results for Test d,,
Risks & Thresholds Expected Sample Size
R | a; R; B, (Eia)so | €070 | (EiTa)g, | €s0 %0
Hy | 0.01 ] 3.16 | 0.0097 | 18.83 | 17.54 6.82 19.75 4.88
H; | 0.01]3.16| 0.0091 |21.46 | 17.54 18.2 19.75 7.99
H> | 0.01]2.93| 0.0098 | 7.24 5.85 19.1 7.29 0.66
Results for Test 8, (using b; = log(2v;/3R;))
R; b; R; B (Eith)go | €07 | (Eith)y, | €s0 %0
Hy | 0.01 | 3.85 | 0.0049 | 22.98 | 21.39 6.91 23.59 2.68
H, | 0.01|3.85| 0.0053 | 25.27 | 21.39 |15.34| 23.59 6.62
H, | 0.01 | 3.62 | 0.0051 | 8.61 7.24 15.90 8.67 0.66
Results for Test 0, (using b; = a;)
R; b; R; B (Eith)g, | €0% | (Eitn)g, | €s0 %
Hy | 0.01|3.16 | 0.0097 | 18.75 | 17.54 | 6.46 | 19.74 | 5.30
Hy (0.01|3.16 | 0.0106 | 20.85 | 17.54 |15.89 | 19.74 | 5.33
Hs | 0.01 | 2.93]| 0.0100 | 7.17 585 | 1839 | 7.29 1.67
(i) o = —0.5, 61 = 0.0, 6 = 1.0; 02 = 1.0.
Results for Test 4,
Risks & Thresholds Expected Sample Size
R; a; R; B, (Eita)gy | €070 | (BiTa)y | €s0 %0
Hy | 0.001 | 5.52 | 1.0 x 1073 | 46.48 | 44.15 5.02 46.73 0.55
H, |0.001 | 5.52|1.0x 1073 | 48.39 | 44.15 8.77 46.73 3.42
H, | 0.001 [5.23|1.0x1072|11.90| 10.46 |12.10| 11.89 0.03
Results for Test &, (using b; = log(27;/3R;))
R; b; R; B (Eith)go | €07 | (Eith)y, | €s0 %
Hy | 0.001 | 6.21 4.9 x 1074 52.12 | 49.69 4.66 52.28 0.31
H; | 0.001 |6.21 | 5.6 x 107* | 53.60 | 49.69 7.27 52.28 2.44
H, | 0.001 [5.92|54x107*|13.28| 11.84 |10.79 | 13.28 0.01
Results for Test d, (using b; = a;)
R; b; R; B (Eith)g, | €0% | (Eitp)g, | €s0 %
Hy | 0.001 | 5.52 [ 1.0 x 1073 | 46.47 | 44.15 5.01 46.73 0.57
H,|0.001|552[1.1x1073|48.03| 44.15 8.10 46.73 2.70
H, [ 0.001 |5.23]1.0x1073|11.89 | 10.46 |12.01| 11.89 0.07
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TABLE 4. Results for Example 1 with 6y = —0.5, ; = 0.0, 3 = 0.5; 02 = 1.0. The
number of trials used in the simulations was 10%. The fixed sample size test that meets

the constraint on the Bayes risk ), R; takes 131 samples.

Results for Test 4,
Risks & Thresholds Expected Sample Size
Ri | a; R; Eita | (Bima)g, | €% | (BiTa)y, | €s0 %
Hy | 0.001 | 5.52 | 1.0 x 1073 | 46.59 | 44.15 5.24 46.74 0.32
Hy|0.001|5.52|1.1x1073|69.43| 44.15 |36.41| 73.64 6.07
H | 0.001 [5.52 | 1.0 x 1073 | 46.60 | 44.15 | 5.27 | 46.74 | 0.29

Results for Test &, (using by = ag, ba = ag, by = log(y1/2R1))

R; b; R; B (Eih)go | €07 | (Eith)y, | €s0 %0
Hy [ 0.001 | 552 | 1.0 x 1073 | 46.61 | 44.15 5.29 46.74 0.26
H; [0.001|592|80x10"%|71.67| 47.39 |33.88| 77.63 8.31

H|0.001 [5.23|1.0x 1073 | 46.64 | 44.15 | 5.33 | 46.73 | 0.22
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TABLE 5. Results for Example 2 with Gaussian observations and H; present.
The number of trials used in the simulations was 10° and 10° for Ry values of 0.01 and

0.001, respectively.

(i) N=4,7=0.5,0=0502=1.

Results for Test 4,

Risks & Thresholds Expected Sample Size

R; a; R; EiTa (EiTa)g, | €07 | (EiTa)y | €s0 %
Ho| 0.01 |3.62]1.0x1072|47.56| 28.97 |39.09| 48.31 1.57
H; | 0.001 |4.54]1.0x 1072 |49.29 | 36.30 |26.36 | 49.98 1.39
Hy | 0.001 |5.92]1.0x 1073|7237 | 47.39 |34.52| 73.58 1.67
H; [0.0001 | 6.84 | 1.0 x 1074 | 68.81 | 54.72 |20.48 | 68.40 0.60
Results for Test &, (using by = log(2y0mo/Ro), and b; = a;, i # 0)
R; b; R; B (Eith)g, | €07 | (Eitp)y, | €s0 %
Hp| 0.01 |4.31[7.8x1073|50.50| 34.51 |31.66| 56.14 | 11.18
H;| 0.001 |4.54|1.1x1073|48.87| 36.30 |25.73| 49.98 2.27
Hy | 0.001 |6.61|7.3x107%]75.99| 52.93 |30.34| 80.86 6.41
H; | 0.0001 | 6.84 | 1.0 x 107* | 68.45 | 54.72 |20.05| 68.40 0.06

(ii) N =10, mp = 0.5, § = 0.5, 0% = 1.

Results for Test 4,

Risks & Thresholds Expected Sample Size

R; a; R; EiTa (EiTa)go | €07 | (EiTa)g, | €s0 %0
Ho| 0.01 [3.62]1.1x1072|5865| 28.97 |50.60| 59.62 1.65
H; | 0.001 |3.62]1.0x1073|49.98| 28.97 |42.04| 49.98 0.00
Hy | 0.001 [5.92 1.1 x1073 | 87.10 | 47.39 |45.59| 88.66 | 1.79
Hy|0.0001 [ 5.92 1.0 x 107% | 69.30 | 47.39 |31.61 | 68.40 | 1.29
Results for Test &, (using by = log(2y0mo/Ro), and b; = a;, i # 0)
R; b; R; E;v (Eith)g, | €07 | (Eivny, | €s0 %
Ho| 0.01 |4.31]1.0x1072|59.15| 34.51 |41.65| 68.74 |16.21
Hy| 0.001 |3.62]1.2x1073|48.70 | 28.96 |40.51 | 49.98 2.64
Hy | 0.001 |6.61]9.0x107%|89.17| 52.93 |40.64| 96.87 8.63
H; [0.0001 | 5.92 | 1.1 x107*|68.59 | 47.39 |30.91| 68.40 0.28
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TABLE 6. Results for Example 2 with Gaussian observations and H; absent.
The number of trials used in the simulations was 10° and 10° for R values of 0.01 and

0.001, respectively.

(i) N=4,0=0.25 02 =1.

Results for Test 4,
Risks & Thresholds Expected Sample Size
R | a R Era | (Bra)g | €% | (BTa)y, | €0 % | T (FSS)
0.01 [3.01|9.8x1073 | 80.64 | 48.20 |40.22 | 81.68 | 1.28 151
0.001 | 5.32 | 1.0 x 1073 | 127.67 | 85.05 | 33.38 | 126.07 | 1.25 287

Results for Test &, (using b = log(2y/(NR))
R b R Ev, (Evp)go | €07 | (Evp)g, | €s0 %0 | T (FSS)

0.01 |3.71|7.5x 1073 | 87.07 | 59.30 |31.89 | 9527 | 9.42 151

0.001 | 6.01 | 7.3 x 1074 | 134.54 | 96.14 | 28.54 | 139.11 | 3.39 287

~—

(i) N =10, 6 =0.25, 02 = 1.

Results for Test d,
Risks & Thresholds Expected Sample Size
R | a R Ery | (Bra)g | €% | (ETa)y, | €0 % | T (FSS)
0.01 [2.109.4x1073| 92.74 | 33.55 |63.83 | 93.41 0.72 144
0.001 | 4.40 [ 1.0 x 1073 | 148.51 | 70.39 | 52.60 | 144.45 | 2.73 290

Results for Test 8 (using b = log(2v/(NR)))
R b R Evp (Evp)g, | €0% | (Etp)y, | €s0 % | T (FSS)
0.01 | 2.79 | 1.1 x 1072 | 89.26 | 44.64 |49.99 | 109.26 | 22.41 144

0.001 | 5.09 | 9.7 x 10~* | 150.15 | 81.48 |45.73 | 159.12 | 5.97 290
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TABLE 7. Results for Example 2 with exponential observations and H, present.
The number of trials used in the simulations was 10° and 10° for Ry values of 0.01 and

0.001, respectively.

(i) N =4, m9=0.5, p = 0.5.

Results for Test 4,
Risks & Thresholds Expected Sample Size
R; a; R; EiTq (EiTa)go | €07 | (EiTa)g | €s0 %0
Hy| 0.01 |3.789.1x1073 | 77.48 52.36 | 32.41| 75.81 2.15
Hi| 0.001 |4.429.0x107%| 66.78 | 46.78 |29.93| 66.74 | 0.06

Hy | 0.001 |6.08|7.8x107%|118.92| 84.28 |29.13| 118.10 | 0.68
H; | 0.0001 | 6.72 9.4 x 107 | 92.01 71.14 | 22.68 | 92.02 1.00
Results for Test &, (using by = log(2y0mo/Ro), and b; = a;, i # 0)
R; b; R; Eivs (Eivp)go | €07 | (Bitp)g, | €s0 %0
Hp| 0.01 |447|7.0x1073 | 81.64 61.97 |24.09 | 88.89 8.88
H;| 0.001 |4.42|1.1x1073 | 65.83 46.78 | 28.93 | 66.74 1.38

Hy | 0.001 |6.77 5.7 x107% | 124.41 | 93.89 |24.53 | 130.35 | 4.76
Hy [ 0.0001 | 6.72 [ 1.0 x 107* | 91.28 | 71.14 |22.06 | 91.10 0.21

(ii) N = 10, 7o = 0.5, p = 0.75.

Results for Test 4,
Risks & Thresholds Expected Sample Size
R; a; R; Eita | (Bita)g, | €% | (BiTa)y, | €s0 %
Ho| 0.01 |3.72]9.8x1073|49.72 | 28.43 |42.81 | 46.70 6.07
H; | 0001 |3.35[1.0x1073|33.78 | 17.60 |47.88| 33.64 | 0.42

Hy | 0.001 [6.02|8.1x107%|75.28| 46.00 |38.89| 73.07 | 2.93
H; | 0.0001 | 5.65 | 1.0 x 1074 | 46.38 | 29.70 |35.96 | 45.74 1.39
Results for Test &, (using by = log(2y0mo/Ro), and b; = a;, i # 0)
R; b; R; B (Eith)g, | €07 | (Eitn)y, | €s0 %
Hy| 001 [4.429.9x1073|49.56 | 33.72 |31.96| 54.98 |10.93
Hi| 0.001 [3.35|1.0x1073|32.64| 17.61 |[46.05| 33.64 3.07
Hy | 0.001 [6.72|7.0x 1074 |76.74 | 51.30 |[33.16| 80.54 4.95
H; | 0.0001 | 5.65 | 1.2 x 1074 | 45.70 | 29.70 |35.00 | 45.74 0.09
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TABLE 8. Results for Example 2 with exponential observations and H; absent.
The number of trials used in the simulations was 10° and 10° for R; values of 0.01 and

0.001, respectively.

(i) N=4, p=0.3.

Results for Test 4,
Risks & Thresholds Expected Sample Size
R | a R Era | (ETa)g | €% | (ETa)y, | €s0 %
0.01 [2.96|9.4x1073 | 71.20 | 42.70 |40.02 | 70.18 | 1.43
0.001 | 5.26 [ 9.4 x 1073 | 112.40 | 75.96 | 32.42 | 109.49 | 2.60

Results for Test &, (using b = log(2v/(NR)))

R b R B (Evp)g, | €0% | (Evp)g, | €s0 %
0.01 [3.65|7.6x1073| 75.95 | 52.71 |30.58 | 82.20 | 8.23
0.001 | 5.95 [ 6.8 x 1074 | 117.95 | 85.98 | 27.10 | 121.05 | 2.63

(i) N=10,p=05

Results for Test 4,
Risks & Thresholds Expected Sample Size
R a R Er, (ETa)so | €070 | (ETa)y | €s0 %
0.001 |4.20]9.8x107%|52.37| 25.20 |51.88| 49.19 | 6.06
0.0001 | 6.50 | 1.0 x 107* | 69.49 | 39.01 |43.86 | 66.53 | 4.25

Results for Test &, (using b = log(27/(NR)))

R b R Evp (Evp)gy | €07 | (Evp)g, | €s0 %0
0.001 | 4.89|1.0x1073|52.35| 29.35 |43.93| 54.50 | 4.08
0.0001 | 7.19 | 9.0 x 107° | 70.18 | 43.17 |38.49| 71.63 | 2.05
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