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Abstract – In a companion paper [13], we proved that two specific constructions of mul-

tihypothesis sequential tests, which we refer to as Multihypothesis Sequential Prob-

ability Ratio Tests (MSPRT’s), are asymptotically optimal as the decision risks (or

error probabilities) go to zero. The MSPRT’s asymptotically minimize not only the

expected sample size but also any positive moment of the stopping time distribution,

under very general statistical models for the observations. In this paper, based on

nonlinear renewal theory we find accurate asymptotic approximations (up to a van-

ishing term) for the expected sample size that take into account the “overshoot” over

the boundaries of decision statistics. The approximations are derived for the scenario

where the hypotheses are simple, the observations are independent and identically

distributed according to one of the underlying distributions, and the decision risks

go to zero. Simulation results for practical examples show that these approximations

are fairly accurate not only for large but also for moderate sample sizes. The as-

ymptotic results given here complete the analysis initiated in [4], where first order

asymptotics were obtained for the expected sample size under a specific restriction on

the Kullback-Leibler distances between the hypotheses.

Index Terms – Multihypothesis sequential probability ratio tests, one-sided SPRT,

expected sample size, nonlinear renewal theory.

1. Introduction

The problem of sequential testing of more than two hypotheses is considerably more difficult than
that of testing two hypotheses. Optimal solutions are, in general, intractable. Hence, research in se-
quential multihypothesis testing has been directed towards the study of practical, suboptimal sequential
tests and the evaluation of their asymptotic performance – see, for example, [1], [4], [7]–[12], [18], [22],
[26]–[34].

In a companion paper [13], we introduced two specific constructions of multihypothesis sequential
tests, which we referred to as Multihypothesis Sequential Probability Ratio Tests (MSPRT’s). The first
test, which is motivated by a Bayesian framework, was considered by Baum and Veeravalli [4, 32],
Golubev and Khas’minskii [17], Fishman [16], Tartakovsky [27, 28] in various contexts. The second
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test which is formed by a specific combination of one-sided SPRT’s was suggested by Armitage [1], and
studied further in [9]–[11], [22], [26]–[34]. We showed in [13], that the MSPRT’s are asymptotically
optimal as the decision risks (or the probabilities of errors) go to zero. The MSPRT’s asymptotically
minimize not only the expected sample size but also any positive moment of the stopping time distri-
bution, under very general statistical models for the observations. The asymptotic optimality of the
MSPRT’s makes them attractive candidates for various practical applications as indicated in [13]. It is
hence of great interest to analyze the asymptotic performance of the MSPRT’s.

A particularly effective way to analyze the asymptotic performance of sequential tests (for simple
hypotheses and independent and identically distributed observations) is through the application of
renewal theory. For the binary SPRT, it is well known that renewal theory is useful in obtaining
asymptotically exact expressions for expected sample sizes and error probabilities (see, e.g. [25]).
An approach to applying renewal theory techniques to sequential multihypothesis tests was recently
given by Baum and Veeravalli [4] in which they studied the quasi-Bayesian MSPRT. This MSPRT was
shown to be amenable to an asymptotic analysis using nonlinear renewal theory [35], and asymptotic
expressions for the expected sample size and error probabilities were obtained in [4]. While the work
in [4] provided a starting point for the asymptotic performance analysis of MSPRT’s, two important
open problems remained. First, the asymptotic analysis in [4] was restricted to the “asymmetric”
situation, where for each hypothesis, the hypothesis with minimum Kullback-Leibler distance among
the remaining hypotheses is unique. Second, only first order asymptotic expressions were obtained for
the expected sample size. These first order asymptotics were shown to be quite inaccurate for moderate
sample sizes, particularly in the case of symmetric hypotheses.

In the present paper, we complete the asymptotic analysis initiated in [4] by addressing both of the
open problems discussed above. The asymptotic expansions for the expected sample size are obtained
using nonlinear renewal theory (see, e.g. Lai and Siegmund [19, 20], Siegmund [25], Woodroofe [35],
Zhang [36]). We consider the asymmetric case first, and derive an asymptotically exact expression for
the expected sample size under the assumption that the second moments of the log-likelihood ratios
between the hypotheses are finite. Then, we go on to tackle the general case where the hypothesis with
minimum Kullback-Leibler distance to the hypothesis under consideration is not necessarily unique.
In the general case a much stronger Cramér-type condition is required on the log-likelihood functions
of the observations. Finally, we present simulation results for practical examples to show that these
approximations for the expected sample size are fairly accurate not only for large but also for moderate
sample sizes.

2. Preliminaries

Let X = {X1,X2, . . . } be a sequence of independent and identically distributed (iid) random
variables (generally vector-valued, Xn = (X1,n, . . . , Xl,n) ∈ Rl, l ≥ 1), and let P be their common
probability distribution with the density f(x) with respect to some sigma-finite measure. Our goal is
to test sequentially the M hypotheses

Hi : f(x) = fi(x) ∀ x ∈ Rl, i = 0, 1, . . . ,M − 1,

where fi(x) are given probability densities.
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A sequential test is a pair δ = (τ, d), where τ is a Markov (stopping) time and d = d(X1, . . . , Xτ )
is a terminal decision function taking values in the set {0, 1, . . . ,M − 1}. That is, d = j implies that
the decision is in favor of hypothesis Hj . For each i, j = 0, 1, . . . ,M − 1, assume that the consequence
of deciding d = i when Hj is the true hypothesis is given by the loss function W (j, i) ∈ [0,∞). Also,
without loss of generality, set the losses due to correct decisions to zero (W (i, i) = 0). Then the risk
associated with making the decision d = i is given by

Ri(δ) =
M−1∑
j=0,
j 6=i

πjW (j, i)αji(δ)

where πj = Pr(Hj) is the prior probability of the hypothesis Hj , and αji = Pj(d = i) is the probability
of deciding d = i conditioned on Hj being the true hypothesis. The Bayes risk associated with the test
δ is the sum

∑M−1
i=0 Ri(δ).

Note that for the special case of a zero-one loss function, where W (j, i) = 1 for j 6= i, the risk Ri

is the same as the frequentist error probability αi, which is defined to be the probability of deciding Hi

incorrectly.
As in [13], we use ∆Z to denote the log-likelihood functions and ratios corresponding to individual

observations, i.e.

∆Zi(n) = log fi(Xn), and ∆Zij(n) = log
fi(Xn)
fj(Xn)

. (2.1)

Furthermore, use Z to denote the log-likelihood functions and ratios corresponding to sequence of
observations up to a given time n, i.e.

Zi(n) =
n∑
t=1

∆Zi(t), and Zij(n) =
n∑
t=1

∆Zij(t) = Zi(n)− Zj(n). (2.2)

Also, for convenience, define the parameters wji by

wji = πjW (j, i)/πi. (2.3)

We now introduce the two constructions of multihypothesis sequential tests, which we refer to as
MSPRT’s, whose asymptotic performance we study in this paper.

Test δa. Introduce the Markov times

τi = inf
{
n ≥ 1 : Zi(n) ≥ ai + log

(∑
j 6=i

wji exp[Zj(n)]
)}

(2.4)

where ai are positive thresholds (inf{?} =∞). Then the test procedure δa = (τa, da) has stopping time
τa and terminal decision da that are given by

τa = min
0≤k≤M−1

τk ; da = i if τa = τi .

This test is motivated by a Bayesian framework, and was considered earlier by Golubev and Khas’minskii
[17], Fishman [16], Sosulin and Fishman [26], Tartakovsky [27], [28], Baum and Veeravalli [4], [32].
Indeed, for the zero-one loss function, the stopping times τi may be rewritten as

τi = inf
{
n ≥ 1 : Πi(n) ≥ Ai

}
, where Ai =

exp(ai)
1 + exp(ai)
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and where

Πi(n) =
πi exp[Zi(n)]∑M−1

j=0 πj exp[Zj(n)]
= P(H = Hi|Xn

1 )

is the a posteriori probability of the hypothesis Hi.

Test δb. Let

νi = inf
{
n ≥ 1 : Zi(n) ≥ bi + max

j 6=i

[
logwji + Zj(n)

]}
(2.5)

be the Markov “accepting” time for the hypothesis Hi, where bi are positive thresholds (inf{?} =∞).
The test δb = (νb, db) is defined as follows

νb = min
0≤k≤M−1

νk , db = i if νb = νi .

This test represents a modification of the matrix SPRT (the combination of one-sided SPRT’s) that was
suggested by Lorden [22]. It was considered earlier by Armitage [1], Lorden [22], Dragalin [9]–[11],
Verdenskaya and Tartakovskii [34], Tartakovsky [28]–[30]. For the zero-one loss function, the stopping
times νi may be rewritten as

νi = inf
{
n ≥ 1 : Li(n) ≥ exp(bi)

}
, where Li(n) =

πi exp[Zi(n)]
max

0≤k≤M−1
k 6=i

πk exp[Zk(n)]
,

i.e. Li(n) is the generalized likelihood ratio between Hi and the remaining hypotheses.
Note that δb has the obvious advantage that it is easier to implement than δa. However, as we

shall see in the following section, δa has the advantage that it is easier to design the thresholds {ai} to
precisely meet constraints on the risks {Ri}.

In [13], we established that if for some m ≥ 1

Ei |Zij(1)|m <∞ , (2.6)

then both δa and δb asymptotically minimize the k-th moment (for all k ≤ m) of the stopping time distri-
bution in the class of tests ∆(R̄) (sequential and non-sequential) for which Ri(δ) ≤ R̄i as maxk R̄k → 0.
Here R̄i > 0 is a predefined bound on the risk of choosing hypothesis Hi. Furthermore, it follows
from Lemma 2.1 and Theorem 3.1 of [13] that if ai = log(πi/R̄i), bi = log((M − 1)πi/R̄i), the ratios
log R̄i/ log R̄j are bounded away from zero and infinity, and the condition (2.6) holds, then for m ≥ 1

inf
δ∈∆(R̄)

Eiτm ∼ Eiτma ∼ Eiνmb ∼
(
| log R̄i|
Di

)m
,

where Di = minj 6=i Ei[Zij(1)] is the minimum Kullback-Leibler distance between Hi and other hypothe-
ses.

Also regardless of the class ∆(R̄), if Ei|Zij(1)| < ∞ and mink ak → ∞, mink bk → ∞, then the
following first order approximations for the expected sample size hold [13]:

Eiτa ∼
ai
Di

, Eiνb ∼
bi
Di

. (2.7)

These asymptotic formulas describe the behavior only of the first term of the expansion for the
average sample size (ASS). The behavior of the second term remains to be determined. Simulation
results given in Section 4 show that the first order approximations are usually inaccurate for moderate
values of thresholds which are of main interest in practice. In this paper, we derive higher order
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approximations to the ASS up to a vanishing term. As we shall see, in a specific asymmetric case the
second term is of the order of O(1) (i.e. a constant), but in general it goes to infinity as the square root
of the threshold.

3. Accurate Asymptotic Approximation for the ASS

In this section, we obtain asymptotic expansions for the ASS of the tests up to a vanishing term
using nonlinear renewal theory . See, e.g., Lai and Siegmund [19, 20], Siegmund [25], Woodroofe [35],
Zhang [36], for detailed discussions of the nonlinear renewal theory results used in this paper.

3.1. The Asymmetric Case. First we consider the asymmetric case studied in [4, 32], where
the hypothesis j∗ = j∗(i) for which the Kullback-Leibler distance, Dij = EiZij(1), attains its minimum
(over j 6= i) is unique. (The reader is reminded of the definition of ∆Zij(t) and Zij(n) given in (2.1)
and (2.2).) Specifically, throughout Subsection 3.1 we assume that the following condition holds:

j∗(i) = arg min
j 6=i

Dij is unique for any i ∈ {0, 1, . . . ,M − 1} . (3.1)

In order to apply relevant results from nonlinear renewal theory, we rewrite the stopping times of
(2.4) and (2.5) in the form of a random walk crossing a constant boundary plus a nonlinear term that is
“slowly changing” in the sense defined below in Definition 3.1. By subtracting Zj∗(n) from both sides
of the inequalities in (2.4) and (2.5), we see that

τi = inf
{
n ≥ 1 : Zij∗(n) ≥ ai + ξi(n)

}
, (3.2)

and

νi = inf
{
n ≥ 1 : Zij∗(n) ≥ bi + Yi(n)

}
, (3.3)

where ξi(n) and Yi(n) are defined by:

ξi(n) = log
(
wj∗i +

∑
j 6=i,j∗

wji exp
{
−Zj∗j(n)

})
; (3.4)

Yi(n) = log
(

max
[
wj∗i , max

j 6=i,j∗
wji exp

{
−Zj∗j(n)

}])
. (3.5)

Definition 3.1. The process {ζn}n≥1 is said to be slowly changing if the following two conditions
hold:

(i) as n→∞,

n−1 max
1≤t≤n

|ζt| → 0 in probability ; (3.6)

(ii) for every ε > 0 and some λ > 0

P
(

max
0≤k≤nλ

|ζn+k − ζn| > ε
)
< ε ∀ n ≥ 1 , (3.7)

i.e. {ζn} is uniformly continuous in probability [35].

Lemma 3.1. Let the condition (3.1) be fulfilled and Ei|Zij(1)| <∞ for all i and j, i 6= j. Then the
processes {ξi(n), n ≥ 1} and {Yi(n), n ≥ 1} are slowly changing under Pi.
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Proof. It is easy to see that Ei∆Zj∗j(t) = Ei∆Zij(t) − Ei∆Zj∗i(t) = Dij −Dij∗ . We denote this
difference by ∆ij . We can then rewrite ξi(n) of (3.4) as

ξi(n) = log
(
wj∗i +

∑
j 6=i,j∗

wji exp
{
−n
[
∆ij + n−1Mij(n)

]})
where Mij(n) =

∑n
t=1[∆Zj∗j(t) −∆ij ] is a zero-mean random walk with respect to Pi. By the strong

law of large numbers n−1Mij(n)→ 0 Pi−a.s. and

ξi(n)→ logwj∗i w.p. 1 as n→∞ , (3.8)

which implies (3.6) and (3.7). Evidently, logwj∗i ≤ Yi(n) ≤ ξi(n) and hence, by a standard sandwich
argument, the process {Yi(n)} is also slowly changing. �

An important consequence of the slowly changing property is that limiting distributions of the
overshoot of a random walk (with positive mean) over a fixed threshold are unchanged by the addition
of a slowly changing nonlinear term (see Theorem 4.1 of Woodroofe [35]). In particular, suppose we
define the stopping time

τij∗(c) = inf{n ≥ 1 : Zij∗(n) ≥ c} , c > 0 ,

which corresponds to the one-sided SPRT which tests the hypothesis Hi against the closest one Hj∗ .
Now let

ρi(c) = Zij∗(τij∗)− c

denote the overshoot at the stopping time. Furthermore, let

Gi(y) = lim
c→∞

Pi
{
ρi(c) ≤ y

}
denote the limiting distribution of the overshoot.

Now, let {ζn} be a slowly changing process and consider the stopping time

tij∗(c) = inf{n ≥ 1 : Zij∗(n) ≥ c+ ζn} , c > 0 .

Then, by Theorem 4.1 of [35], the overshoot at the stopping time

ri(c) = Zij∗(tij∗)− c− ζtij∗

has the same limiting distribution as ρi(c), i.e.

lim
c→∞

Pi
{
ri(c) ≤ y

}
= Gi(y) .

Now note that from (3.2),

Zij∗(τi) = ai + ξi(τi) + χi on {τi <∞}, (3.9)

where χi is the overshoot of the process Zij∗(n) − ξi(n) over the level ai at time τi. Taking the
expectations in both sides of this last equality and applying the Wald identity, we obtain

Di Eiτi = ai + Eiξi(τi) + Eiχi . (3.10)

A similar equality is true for the Markov time νi. Indeed, from (3.3),

Zij∗(νi) = bi + Yi(νi) + χ̃i on {νi <∞} (3.11)
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where χ̃i is the overshoot of the process Zij∗(n) − Yi(n) over the level bi at time νi. Applying Wald’s
identity, we get

Di Eiνi = bi + EiYi(νi) + Eiχ̃i . (3.12)

We are now in a position to understand the role of Lemma 3.1. The key point is that since the
sequences {ξi(n)} and {Yi(n)} are slowly changing, the overshoots χi and χ̃i have the same limiting
distributions as ρi(c) (when c, ai and bi tend to infinity). Furthermore, both ξi(n) and Yi(n) converge
to the constant logwj∗i as n → ∞. Thus, for large ai and bi, the ASS’s Eiτa and Eiνb should be
approximately equal to D−1

i (ai + logwj∗i + {i) and D−1
i (bi + logwj∗i + {i), respectively, where

{i =
∫ ∞

0
y dGi(y)

is the expected limiting overshoot. The following theorem is a formal statement of this result and is
proved in the Appendix.

Theorem 3.1. Suppose that the condition (3.1) holds and ai/aj, bi/bj are bounded away from zero
and infinity, i.e.

ai/aj ∼ bi/bj ∼ cij as min
k
ak →∞, min

k
bk →∞ where 0 < cij <∞ . (3.13)

In addition, assume that Ei|Zij(1)|2 <∞ and the Zij(1) are Pi−non-arithmetic1. Then

Eiτa =
1
Di

(
ai + logwj∗i + {i

)
+ o(1) as min

k
ak →∞ ; (3.14)

Eiνb =
1
Di

(
bi + logwj∗i + {i

)
+ o(1) as min

k
bk →∞ . (3.15)

Remark 3.1. The condition that Zij(1) are Pi−non-arithmetic is imposed due to the necessity of
considering certain discrete cases separately in the renewal theorem (see, e.g., Woodroofe [35], Sec-
tion 2.1). If Zij(1) are Pi-arithmetic with span d > 0, the results of Theorem 3.1 (as well as of
Theorem 3.3 below) hold true as mink ak → ∞ and mink bk → ∞ through multiples of d (i.e. ai = kd,
k →∞) and with respective modification of definition of {i.

We note that in the definitions of τi and νi of (2.4) and (2.5), and in Theorem 3.1 above, the
numbers wij may be assumed to be arbitrary positive constants not necessarily equal to πjW (j, i)/πi as
we defined them before in (2.3). However, by setting wij as specified in (2.3), we can precisely control
the risks Ri corresponding to the tests δa and δb.

Now let

γi =
∫ ∞

0
exp(−y) dGi(y) .

Recall that Gi(y) is the limiting distribution of the overshoot ρi(c) in the one-sided SPRT as c → ∞
(under the measure Pi). The following theorem provides asymptotic expressions for the risks Ri in
terms of γi.

1A random variable X is called arithmetic (has arithmetic distribution with span d) if d · X is integer-valued for some

non-zero constant d. A typical example is the Bernoulli sequence. Otherwise X is called non-arithmetic (or non-lattice),

i.e. P(X = dm for some m) < 1.
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Theorem 3.2. Let Ri(δ) =
∑

j 6=i πjW (j, i)αji(δ) be the risk of deciding d = i. If we set wji =
πjW (j, i)/πi, then under the same conditions as in Theorem 3.1

Ri(δa) = πiγie
−ai
(
1 + o(1)

)
as min

k
ak →∞ ; (3.16)

πiγie
−bi
(
1 + o(1)

)
≤ Ri(δb) ≤ (M − 1)πiγie−bi

(
1 + o(1)

)
as min

k
bk →∞ . (3.17)

Proof. For the zero-one loss function, the asymptotic equality (3.16) follows from Theorem 6.1 of
Baum and Veeravalli [4]. To prove this equality for an arbitrary loss function we observe first that the
risk Ri(δa) can be written in the form

Ri(δa) = πi Ei
{

exp
[
−Zij∗(τi) + ξi(τi)

]
I(τa = τi)

}
. (3.18)

Indeed,

Ri(δa) =
∑
j 6=i

πjW (j, i)Pj(τa = τi) =
∑
j 6=i

πjW (j, i)
∫
τa=τi

exp[Zji(τi)] dPi

= Ei
{
I(τa = τi)

∑
j 6=i

πjW (j, i) exp[Zji(τi)]
}

= πi Ei
{

exp[−Zij∗(τi)]I(τa = τi)
∑
j 6=i

wji exp[−Zj∗j(τi)]
}

= πi Ei
{

exp[−Zij∗(τi)]I(τa = τi)
[
wj∗i +

∑
j 6=i,j∗

wji exp[−Zj∗j(τi)]
]}
,

(3.19)

from which (3.18) follows in an obvious manner. Now, since by (3.9)

Zij∗(τi)− ξi(τi) = ai + χi on τi <∞ ,

we obtain

Ri(δa) = πi exp
(
−ai

)
Ei
{

exp
(
−χi

)
I(τa = τi)

}
.

Due to the fact that ξi(n) is slowly changing, Ei exp(−χi)→ γi (see Theorem 4.1 in [35]). Furthermore,
Pi(τa = τi) → 1 as ai → ∞. Hence the value of Ei{exp(−χi)I(τa = τi)} converges to γi which along
with the previous equality implies (3.16).

Consider the second test δb. Obviously, the equality (3.19) is true for Ri(δb) if τa and τi are replaced
with νb and νi, respectively. In turn, this equality implies

Ri(δb) = πi Ei
{

exp
[
−
(
Zij∗(νi)− Yi(νi) + βi(νi)

)]
I(νb = νi)

}
where

βi(νi) = Yi(νi)− ξi(νi). (3.20)

Next, by (3.11),

Zij∗(νi)− Yi(νi) = bi + χ̃i on νi <∞ ,

where χ̃i is the overshoot of the process Zij∗(n)− Yi(n) over the level bi at time instant νi, and hence

Ri(δb) = πi exp(−bi) Ei
{

exp
[
−χ̃i − βi(νi)

]
I(νb = νi)

}
.
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Note that by considering the difference of (3.4) and (3.5), βi(νi) of (3.20) can be shown to satisfy

− log(M − 1) ≤ βi(νi) ≤ 0 on {νi <∞} ,

which implies the inequalities

πi e
−bi Ei

{
e−χ̃iI(νb = νi)

}
≤ Ri(δb) ≤ (M − 1)πi e−bi Ei

{
e−χ̃iI(νb = νi)

}
.

Now, Pi(νb = νi)→ 1 as bi →∞, and by Theorem 4.1 of Woodroofe [35] Ei exp(−χ̃i)→ γi, due to the
fact that Yi(n) is slowly changing. Thus Ei{exp(−χ̃i)I(νb = νi)} converges to γi. This fact together
with the previous inequalities yields (3.17) and the theorem follows. �

As a consequence of Theorem 3.1 and Theorem 3.2 we have the following important result.

Corollary 3.1. If ai = log(πiγi/R̄i) and bi = log((M − 1)πiγi/R̄i) , then as maxk R̄k → 0

Ri(δa) = R̄i + o
(
R̄i
)

; R̄i/(M − 1) + o
(
R̄i
)
≤ Ri(δb) ≤ R̄i + o

(
R̄i
)

; (3.21)

Eiτa =
1
Di

[
log
(γi πj∗W (j∗, i)

R̄i

)
+ {i

]
+ o(1) ; (3.22)

Eiνb =
1
Di

[
log
(γi πj∗W (j∗, i)

R̄i

)
+ log(M − 1) + {i

]
+ o(1) . (3.23)

It is important to emphasize that the test δa performs better than the test δb. Indeed, according
to (3.22) and (3.23) the difference between Eiνb and Eiτa is equal to D−1

i log(M − 1) + o(1) if we take
bi = log((M − 1)πiγi/R̄i). For large M the difference may appear to be substantial. However, for the
procedure δb we guarantee only the inequality Ri(δb) ≤ R̄i while for the procedure δa the corresponding
equality holds. Thus, the real difference between the two tests would be less than D−1

i log(M − 1) if
the thresholds bi can be chosen so that Ri(δb) ∼ R̄i. In that case, the difference between Eiνb and Eiτa
can be made negligible. For the symmetric case with respect to decision risks, where for all i, j, i 6= j

cij =
log R̄i
log R̄j

∼ 1 as max
k

R̄k → 0 , (3.24)

the fact that Eiνb = Eiτa + o(1) may be implicitly derived from the results of Lorden [22]. More
specifically, if Ri(δb) ∼ R̄i and (3.24) is fulfilled, then

Eiνb − inf
δ∈∆(R̄)

Eiτ = o(1) as max
k

R̄k → 0 . (3.25)

We suspect that the same result is true as long as cij are arbitrary numbers bounded away from 0 and
∞. We do not have a rigorous proof for this case; however, simulation results given in Section 4 agree
with this conjecture.

3.2. The General Case. Thus far we have assumed that the minimum distance Di = minj 6=iDij

is achieved uniquely (see the condition (3.1)). We now relax this condition. For fixed i, let

Di[1] ≤ Di[2] ≤ · · · ≤ Di[M−1]

be the ordered values of Dij , j 6= i (Di[M ] = +∞). Throughout the rest of this section we assume that

Di[1] = · · · = Di[r] < Di[r+1] for some r ∈ {1, . . . ,M − 1} . (3.26)

Note that condition (3.26) includes the fully symmetric situation

Dij = Di for all j ∈ {0, 1, . . . ,M − 1} \ i (3.27)
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when r = M − 1. Note also that the previous asymmetric case is covered by setting r = 1.
The derivation of the asymptotics for the general case is more complicated than in the asymmetric

case. The reason is that if we write the Markov times τi and νi in the form given in (3.2) and (3.3), the
sequences corresponding to {ξi(n)} and {Yi(n)} are not necessarily slowly changing in the general case.
A different approach and stronger conditions (see the Cramér-type condition (3.34) below) are required
to tackle this general case.

Recall that Zi(n) =
∑n

t=1 log fi(Xt) is the log-likelihood function of the observations up to time n.
Now, let

µij = EiZj(1) , j ∈ {0, 1, . . . ,M − 1} \ i

denote the corresponding mean value of the increment of the log-likelihood function under Hi.
Let µi[1] ≤ µi[2] ≤ · · · ≤ µi[M−1] be the ordered values of µij , j 6= i, with 〈j〉 denoting the index of

the ordered values, i.e.

〈j〉 = k, if µi[j] = µik, (3.28)

with an arbitrary index assignment in case of ties.
Now, under assumption (3.26), there are r values that achieve the minimum distance Di. Since

Dij = EiZi(1)− µij , we must have r values that achieve the maximum of {µij , j 6= i}, i.e.

µi[M−1−r] < µi[M−r] = · · · = µi[M−1] (µi[0] = −∞) .

Next, define an r-dimensional vector Y i = (Y1,i, Y2,i, . . . , Yr,i) with components

Yk,i = Z〈M−1−r+k〉(1)− µi[M−1−r+k] = Z〈M−1−r+k〉(1)− µi[M−1] , k = 1, . . . , r.

Obviously, Y i is zero-mean. Let V i = Covi(Y i) denote its covariance matrix with respect to Pi.
Now let

φ0,Vi(x) =
[
(2π)r |V i|

]−1/2 exp
{
−1

2xV
−1
i x

>
}

be the density of a multivariate normal distribution function with covariance matrix V i.
The asymptotic expansions in the general case are derived using normal approximations (see Bhat-

tacharya and Rao [5]). In this context, we introduce the variables hr,i and Cr,i. The variable hr,i is
the expected value of the maximum of r zero-mean normal random variables with the density function
φ0,Vi(x), i.e.

hr,i =
∫
Rr

(
max

1≤k≤r
xk

)
φ0,Vi(x) dx , (3.29)

and Cr,i is given by

Cr,i =
∫
Rr

(
max

1≤k≤r
xk

)(
Pi(x) + λiV −1

i x
>
)
φ0,Vi(x) dx , (3.30)

where

λi = (λ1,i, . . . , λr,i) ; λk,i = logw〈M−1−r+k〉i , (3.31)

and where Pi(x) is a polynomial in x ∈ Rr of degree 3 whose coefficients involve V i and the Pi-
cumulants of Y i up to order 3 and is given explicitly by formula (7.19) in Bhattacharya and Rao [5].
Due to the lengthiness of this formula we have not included it here. Computing the constant hr,i for
a given application is relatively straighforward, since the integral in (3.29) involves only the covariance
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matrix of the vector Y i; further simplification results in the case where V i is diagonal. Computing the
constant Cr,i is, in general, quite difficult due to the fact that the polynomial Pi(x) is a complicated
function of the statistics of Y i. However, in the symmetric situation (which is usually of interest),
where V i is of the form v2

i I + ε (with I being the identity matrix), and λk,i = λi, for k = 1, . . . , r, a
considerable simplication is possible (see Section 3.3.2 below). Note that the application of the normal
approximations requires a Cramér-type condition on the joint characteristic function of the vector Y i

given in (3.34) below.
We now present a “heuristic” outline of our approach to finding asymptotics in the general case.

We focus on the second test δb, since our approach works more naturally for this test. As we shall see
in the proof of Theorem 3.3, the asymptotic ASS results for the δa follow from those for δb.

The Markov time νi of (2.5) may be written in the form:

νi = inf
{
n : Si(n) ≥ bi + ξ(n) + hr,i

√
n
}
, (3.32)

where

Si(n) = Zi(n)− nµi[M−1]

is a random walk with increments having positive mean EiZi(1)− µi[M−1] = Di, and

ξ(n) = max
k 6=i

[
logwki + Zk(n)− nµi[M−1]

]
− hr,i

√
n .

It is established in the proof of Theorem 3.3 that {ξ(n)} is a slowly changing sequence that converges
in distribution to a random variable ξ, and that

Eiξ(n)→ Eiξ = Cr,i as n→∞ ,

where Cr,i is defined in (3.30). In comparing with the corresponding equation for the asymmetric case
given in (3.3), we see that Si(n) is written in terms of the log-likelihood function of the observations
under Hi as opposed to the log-likelihood ratios. Defining Si(n) in this fashion is required for the
corresponding {ξ(n)} sequence to be slowly changing in the general case. Also note that in addition
to the slowly changing term there is a nonlinear deterministic term that is added to the threshold in
(3.32).

Now note that from (3.32),

Si(νi) = bi + ξ(νi) + hr,i
√
νi + χi on {νi <∞} , (3.33)

where χi is the overshoot of the process Si(n)− ξ(n)− hr,i
√
n over the level bi at time νi. In the limit

as bi →∞, we expect νi to approximately satisfy the equation

νiDi = bi + ξ + hr,i
√
νi + χ

where χ is the limiting overshoot. Solving this equation for νi gives

νi ≈
1
Di

bi +
h2
r,i

2Di
+ hr,i

√
bi
Di

+
h2
r,i

4D2
i

+ χ+ ξ

 .

Finally, using uniform integrability arguments, we expect that

Eiνi ≈
1
Di

bi +
h2
r,i

2Di
+ hr,i

√
bi
Di

+
h2
r,i

4D2
i

+ {i + Cr,i

 ,



12 V. DRAGALIN, A. TARTAKOVSKY, AND V. VEERAVALLI

where {i is the expected limiting overshoot, and Cr,i is expectation of the limit of the slowly changing
sequence {ξ(n)}. The following theorem formalizes this result, and the detailed proof based on the
renewal theory of Zhang [36] is given in the Appendix. We write a = mink ak and b = mink bk for
brevity.

Theorem 3.3. Suppose that Zi(1) is Pi−non-arithmetic, the covariance matrix V i of the vector Y i

is positive definite, Ei‖Y i‖3 <∞, the condition (3.13) holds, and the Cramér condition

lim ‖t‖→∞Ei exp{ · (t,Y i)} < 1 (3.34)

on the joint characteristic function of Y i is satisfied. Then

Eiνb =
1
Di

[
bi + hr,i

√
bi
Di

+
hr,i

2

4D2
i

+
hr,i

2

2Di
+ {i + Cr,i

]
+ o(1) as b→∞, (3.35)

Eiτa =
1
Di

[
ai + hr,i

√
ai
Di

+
hr,i

2

4D2
i

+
hr,i

2

2Di
+ {i + Cr,i +K

]
+ o(1) as a→∞, (3.36)

where 0 ≤ K ≤ log(M − 1) is a constant which does not depend on ai, and {i is the expectation of
the limiting overshoot in the one-sided SPRT based on the log-likelihood ratio Zi〈M−1〉(n) = Zi(n) −
Z〈M−1〉(n).

Remark 3.2. Numerical results given in Section 4 indicate that setting K = 0 in (3.36) consistently
produces the best match with simulated ASS values for test δa.

Remark 3.3. We note that in the general case we have not been able to obtain the counterpart
of Theorem 3.2. Thus, we need to rely on weaker Wald type inequalities for the risks in order set the
thresholds to meet risk constraints. In particular, as we established in Lemma 2.1 of [13],

Ri(δa) ≤ πi exp(−ai), Ri(δb) ≤ (M − 1)πi exp(−bi) . (3.37)

3.3. Some Special Cases. In the following we address the issue of computing the constants hr,i
and Cr,i appearing in asymptotic expansions for the ASS given in Theorem 3.3.

3.3.1. Case 1. In the asymmetric case (3.1), r = 1, and it is easily shown that h1,i = 0. Also, as
shown in (7.21) of [5], Pi(x) = EiY 3

1,i (x3 − 3x)/6 in this case. Now, since for the standard Gaussian
random variable EX4 = 3EX2, we see from (3.30) that C1,i = logwj∗i. Thus the resulting expression
for the ASS is consistent with the result of Theorem 3.1.

3.3.2. Case 2. Consider the symmetric case where {Yk,i, k = 1, . . . , r} are identically distributed
(but not necessarily independent), and where V i is of the form v2

i I+ε (with I being the identity matrix),
and λk,i = λi, for k = 1, . . . , r. This case often arises in practice (see examples in Section 4).

First suppose that ε = λi = 0. In this special case, it is easy to see from (3.29) that

hr,i = vih
∗
r (3.38)
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where h∗r is the expected value of the standard normal order statistic. (See Table 1 for computed values
of h∗r .) Furthermore, we may use the results in [11] to get the following relatively simple expression for
Cr,i. (Note that the second term inside the integral in (3.30) is zero since λ = 0.)

Cr,i =
(
EiY 3

1,i

) C∗r
6v2
i

(3.39)

where

C∗r = r

∫ ∞
−∞

xϕ(x)Φ(x)r−2
[
(r − 1)ϕ(x)(1− x2) + (x3 − 3x)Φ(x)

]
dx , (3.40)

and where ϕ(x) and Φ(x) are standard normal density and distribution functions, respectively. See
Table 2 for computed values of C∗r .

We now remove the restriction that ε = 0 (still assuming λi = 0). Note that for V i to be positive
definite, we require that ε > −v2

i /r. Since Y i is zero mean with covariance V i = v2
i I + ε under Hi, we

may write

Yk,i = Ỹk,i + ηȲ ,

where

Ỹk,i = Yk,i −
η

1 + η

(
1
r

r∑
k=1

Yk,i

)
(3.41)

is zero mean with covariance V i = v2
i I, Ȳ = 1

r

∑r
k=1 Ỹk,i, and

η = −1 +
√

1 +
εr

v2
i

.

Thus, for ε 6= 0, the slowly changing term ζ(n) in equation (A.12) in the proof of Theorem 3.3 simply
gets modified, relative to the case ε = 0, by the addition of the term ηȲ . It is easy to see that the
addition of ηȲ does not affect the conditions needed on ξ(n) given in (A.13)–(A.18). Furthermore,
EiȲ = 0 implies that Eiξ is also unaffected. Thus, using (3.39), we can see that Cr,i is given by

Cr,i =
(
EiỸ 3

1,i

) C∗r
6v2
i

(3.42)

for all allowable ε, i.e. ε > −v2
i /r. It is also easily shown that hr,i is given by (3.38) for all ε > −v2

i /r.
Indeed, if (X1, . . . , Xr) ∼ N (0,V 0) with such V 0, then

E max{X1, . . . , Xr} = E max{X̃1 + ηX̄, . . . , X̃r + ηX̄} = E max{X̃1, . . . , X̃r}+ ηEX̄ ,

where (X̃1, . . . , X̃r) ∼ N (0, v2
i I), and X̄ = 1

r

∑r
k=1 X̃k is zero mean.
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Table 1. Expected values of standard normal order statistics. The computa-
tions were done on a HP computer using Maple V. The first four values coincide with
known “exact” values.

r h∗r r h∗r r h∗r

2 0.56418 95835 14 1.70338 1555 80 2.42677 4421
3 0.84628 43753 15 1.73591 3445 90 2.46970 0479
4 1.02937 5373 16 1.76599 1393 100 2.50759 3639
5 1.16296 4473 17 1.79394 1981 200 2.74604 2451
6 1.26720 6361 18 1.82003 1880 300 2.87776 6853
7 1.35217 8376 19 1.84448 1512 400 2.96817 8187
8 1.42360 0306 20 1.86747 5060 500 3.03669 9351
9 1.48501 3162 30 2.04276 0846 600 3.09170 2266

10 1.53875 2731 40 2.16077 7180 700 3.13754 7901
11 1.58643 6352 50 2.24907 3631 800 3.17679 1412
12 1.62922 7640 60 2.31927 8210 900 3.21105 5997
13 1.66799 0177 70 2.37735 9241 1000 3.24143 5777

Table 2. Values of the absolute constants C∗r for the case λ = 0, V = I. The
computations were done on an HP computer using Maple V.

r C∗r r C∗r r C∗r

2 0.0 14 2.20924 80 5.08274
3 0.27566 15 2.31444 90 5.28802
4 0.55133 16 2.41374 100 5.47243
5 0.80002 17 2.50776 200 6.70147
6 1.02174 18 2.59705 300 7.43096
7 1.22030 19 2.68205 400 7.95237
8 1.39953 20 2.76316 500 8.35874
9 1.56262 30 3.41871 600 8.69193

10 1.71210 40 3.89695 700 8.97438
11 1.85003 50 4.27404 800 9.21958
12 1.97802 60 4.58561 900 9.43625
13 2.09740 70 4.85120 1000 9.63036

Consider the case λi 6= 0. In this case, we simply subtract λi from ξ(n) and add it to bi in equation
(3.32). Then the modified ξ(n) is identical to that obtained in the case λi = 0, and hence its limiting
value is given by Cr,i of (3.39).

To summarize, for ε > −v2
i /r and λi ∈ IR,

Eiνb =
1
Di

[
Fr
(
bi + λi, Di, vi,EiỸ 3

1,i

)
+ {i

]
, (3.43)
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where

Fr(a, q, u, g) = a+ uh∗r

√
a

q
+
u2(h∗r)2

4q2
+
u2(h∗r)

2

2q
+
gC∗r
6u2

. (3.44)

A similar expression holds for Eiτa with bi replaced by ai and K added to {i in (3.43)

4. Applications and Results of Simulation

In this section, we consider examples which are meaningful in many applications such as target
detection by multiple-element-resolution radar systems [6], [23], acquisition in code division multiple
access (CDMA) communication systems [33] and others [15], [14], [26]. Simulation results are provided
for these examples that verify the accuracy of the approximations obtained in the previous section. In
addition, the performance of the MSPRT’s is compared with that of non-sequential (fixed sample size)
tests.

4.1. Example 1: Testing the Mean of an iid Gaussian Sequence. Suppose the observations
are given by

Xn = θ + ςn , n = 1, 2, . . .

where, under Hi, θ = θi, and ςn ∼ N (0, σ2) is Gaussian noise. The log-likelihood ratios of the observa-
tions are easily computed as

∆Zij(n) =
θi − θj
σ2

Xn −
θ2
i − θ2

j

2σ2

and the Kullback-Leibler distances are given by

Dij = (θi − θj)2/2σ2 .

Consider the case of three hypotheses (M = 3) where 0 < θ1 − θ0 = ∆0 < θ2 − θ1 = ∆1. Then
minj 6=iDij is achieved for only one j, and

D0 = D01 = D1 = D10 = ρ0 ; D2 = ρ1

where we denoted ρ0 = ∆2
0/2σ

2, ρ1 = ∆2
1/2σ

2.
Also, suppose that the prior distribution is uniform, πi = 1/3, and the loss function is zero-one (i.e.

W (j, i) = 1 for all j 6= i). As noted earlier, for the zero-one loss function, {Ri(δ)} represent frequentist
error probabilities. Suppose we are given risk constraints {R̄i}. Then, if we set ai = log(γi/3R̄i) and
bi = log(2γi/3R̄i), we can apply the results of Corollary 3.1 to get

Ri(δa) ≈ R̄i , R̄i/2 ≤ Ri(δb) ≤ R̄i ;

Eiτa ≈
1
Di

[
log
(
γi

3R̄i

)
+ {i

]
, Eiνb ≈

1
Di

[
log
(

2γi
3R̄i

)
+ {i

]
, i = 0, 1, 2
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where γ0, γ1, {0 and {1 are calculated using techniques described in [35] and are given below:

γ0 = γ1 =
1
ρ0

exp

{
−2

∞∑
k=1

1
k

Φ
(
−
√

ρ0
2 k
)}

; (4.1)

γ2 =
1
ρ1

exp

{
−2

∞∑
k=1

1
k

Φ
(
−
√

ρ1
2 k
)}

; (4.2)

{0 = {1 = 1 +
ρ0

2
−
√

2ρ0

∞∑
k=1

[
1√
k
ϕ
(√

ρ0
2 k
)
−
√

ρ0
2 kΦ

(
−
√

ρ0
2 k
)]

; (4.3)

{2 = 1 +
ρ1

2
−
√

2ρ1

∞∑
k=1

[
1√
k
ϕ
(√

ρ1
2 k
)
−
√

ρ1
2 kΦ

(
−
√

ρ1
2 k
)]

. (4.4)

The performance of the tests δa and δb for two different test cases is given in Table 3. In the table,
R̂i and Êiτ are the estimates of the risks and ASS obtained by Monte Carlo techniques. Note that
the second order asymptotics are considerably more accurate than the first order asymptotics. Note
that for the designed values of the thresholds, the expected sample size for δb is slightly larger than
that for δa. This is consistent with the result of Corollary 3.1. As we noted in the discussion following
Corollary 3.1, the difference between the two tests will be negligible if δb can be designed to meet the
risk constraints R̄i more tightly. Experimentation indicates that R̄i is better approximated by setting
{bi} using the lower bound in (3.17), i.e. bi = ai. These results are also shown in Table 3.

Note that when ∆0 = ∆1 = ∆, we have D10 = D12, and, therefore, the above approximations for
E1τa and E1νb are no longer valid. In that case, Theorem 3.3 needs to be used for H1. It is interesting
to note that V 1 has the form v2

1I + ε considered in Section 3.3.2 with v2
1 = 4ρ, ε = 1/2 − 2ρ, and

λk,1 = λ1 = 0. Thus (3.43) may be applied to calculate accurate approximations for the ASS in this
case. Note that a further simplification results in this case since C∗2 = 0 (see Table 2). Typical results
for this symmetric case are given in Table 4.

The performance of the sequential tests may also be compared with fixed sample size (FSS) tests.
It is not easy to design an FSS test that meets the individual risk constraints {R̄i}. However, the FSS
test that meets the corresponding constraint R̄B on the total Bayes risk

∑
iRi is easily shown to be of

the form:

choose H0 if X̄T ≤ (θ0 + θ1)/2
choose H2 if X̄T ≥ (θ1 + θ2)/2
choose H1 otherwise

where X̄T =
∑T

n=1Xn/T , and T is the (fixed) number of observations. It can be shown that the Bayes
risk for this test is given by

RB =
2
3

[
2− Φ

(√
T (θ1 − θ0)/2σ

)
− Φ

(√
T (θ2 − θ1)/2σ

)]
.

Using this equation, the value of T that meets the constraint R̄B can be found. Comparing T , Eτa =∑
i πiEiτa, and Eνb =

∑
i πiEiνb in Tables 3 and 4, we see that the sequential tests are two to three

times faster than the corresponding FSS tests.
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4.2. Example 2: The Slippage Problem. As a second application of the above results, we con-
sider the problem of detecting a single target in a multi-channel (multi-resolution) system which is essen-
tially a multi-sample slippage problem [13]. Suppose there are N channels. In the i-th channel one ob-
serves the processXi,n and all components may be observed simultaneously, i.e. Xn = (X1,n, . . . , XN,n),
n ≥ 1. There may be no useful signal at all (hypothesis H0) or a signal may be present in one of the
N channels, in the i-th, say (hypothesis Hi). Thus, the number of hypotheses M = N + 1. The goal
is to detect a signal as soon as possible and to indicate the number of the channel where the signal is
located.

Under hypothesis H0, X1,n, . . . , XN,n are mutually independent and distributed with common den-
sity g0(x) which describes the distribution of noise, and, under Hi, all Xk,n are mutually independent,
X1,n, . . . , Xi−1,n, Xi+1,n, . . . , XN,n are distributed with common density g0(x) and Xi,n has density
gi(x). The latter describes the distribution of a mixture of signal and noise.

Assume, for simplicity, that gi(x) = g1(x), i = 1, . . . , N . In other words, the statistical properties
of the observed data do not depend on the number of the channel where the signal is located. Then

f0(xn) =
N∏
k=1

g0(xk,n); fi(xn) = g1(xi,n)
N∏
k=1
k 6=i

g0(xk,n), i = 1, . . . , N . (4.5)

Therefore, the log-likelihood ratios are given by

∆Zi0(n) = −∆Z0i(n) = log
g1(Xi,n)
g0(Xi,n)

, i = 1, . . . , N ;

∆Zij(n) = ∆Zi0(n) + ∆Z0j(n) , i 6= j; i, j 6= 0 .

By the symmetry of the problem, the distances Di0 = q1 (say) are the same for i = 1, . . . , N , and
so are D0i = q0 (say) where

q1 =
∫

log
[
g1(x)
g0(x)

]
g1(x)dx , and q0 =

∫
log
[
g0(x)
g1(x)

]
g0(x)dx (4.6)

Also the distances between the non-null hypotheses are given by Dij = q1 + q0, ∀ i, j 6= 0. Hence
D0 = q0, Di = q1, i = 1, . . . , N . This means that for hypothesis H0, we have the fully symmetric
case with D0 = minj 6=0D0j = D0i = q0, i = 1, . . . , N ; while for any other hypothesis Hi, i 6= 0, the
asymmetric condition (3.1) holds with j∗(i) = 0.

Further, we assume that the conditional prior distribution of the signal location is uniform, i.e.
Pr(Hi | H0 is incorrect) = 1/N . In other words, if π0 = Pr(H0) is the prior probability of signal
absence, then πi = Pr(Hi) = (1− π0)/N , i = 1, . . . , N .

Finally, given the symmetry of the problem, the following three-valued loss function is appropriate.

W (j, i) =



W0 for j = 0, i = 1, . . . , N

W1 for j = 1, . . . , N, i = 0

W2 for j = 1, . . . , N, i = 1, . . . , N, j 6= i

0 otherwise .
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That is, we assume that the losses associated with false alarms, missing the signal and choosing the
wrong signal are respectively given by W0, W1 and W2. The decision risks are then given by

Ri(δ) =
(1− π0)W2

N

N∑
j=1,
j 6=i

αji + π0W0α0i , i = 1, . . . , N ,

R0(δ) =
(1− π0)W1

N

N∑
j=1

αj0 .

Under these assumptions, it is clear that we require to specify only two thresholds for each sequential
test, a0, ai = a1 and b0, bi = b1 (i = 1, . . . , N). Then, by symmetry, the conditional error probabilities
for both tests satisfy the following properties:

αj0 = α10 ∀j 6= 0 , αji = α12 ∀i 6= 0, j 6= 0 s.t. i 6= j , and α0j = α01 ∀j 6= 0.

Thus, we have

Ri(δ) = R1(δ) =
(1− π0)W2(N − 1)

N
α12 + π0W0α01 , i = 1, . . . , N ;

R0(δ) = (1− π0)W1α10 .

To meet constraints {R̄i}, we set ai = log[γ1(1 − π0)/NR̄i] and bi = log[γ1(1 − π0)/R̄i], for i =
1, . . . , N . Then, by Corollary 3.1, we get

Ri(δa) ≈ R̄i ,
R̄i
N
≤ Ri(δb) ≤ R̄i , i = 1, . . . , N . (4.7)

For hypothesis H0, we may use the bounds given in (3.37) to set a0 = log(π0/R̄0) and b0 = log(Nπ0/R̄0)
and thus guarantee that the risk constraint R̄0 is met. However, as we see in numerical results, setting
bi = ai, i = 1, . . . , N , a0 = log(γ0π0/R̄0), and b0 = log(2γ0π0/R̄0) result in tests that approximate R̄0

more accurately (of course, without the guarantee of being below R̄0).
To compute the expected sample sizes, for i 6= 0, we apply Theorem 3.1 to get

Eiτa ≈
1
q1

(
a1 + λ1 + {1

)
, Eiνb ≈

1
q1

(
b1 + λ1 + {1

)
, (4.8)

where

λ1 = logw0i = log
[
W0π0N/(1− π0)

]
To compute the ASS under H0, we need to use Theorem 3.3. By the symmetry of the problem,

r = N in this case. In order to compute the constants hr,i and Cr,i, it is convenient to use the measure
µ(xn) =

∏n
k=1 g1(xk,n) as the dominating measure for defining densities. Then the likelihood functions

of (4.5) get modified to

f0(xn) =
N∏
k=1

g0(xk,n)
g1(xk,n)

; fi(xn) = g1(xi,n)
N∏
k=1
k 6=i

g0(xk,n)
g1(xk,n)

, i = 1, . . . , N .

With these likelihood functions, the vector Y 0 has components given by:

Yk,0 =
N∑
m=1
m6=k

g0(xm,n)
g1(xm,n)

− E0

[
N∑
m=1
m6=k

g0(xm,n)
g1(xm,n)

]
.
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It is easy to show that the covariance matrix V 0 has the form v2
0I+ε, considered in Section 3.3.2, where

v2
0 = Var0

[
log

g1(X)
g0(X)

]
with Var0[·] being the variance relative to the density function g0(x), and where

ε = (N − 2)v2
0 .

Furthermore

λk,0 = λ0 = logwk,0 = log[(1− π0)W1/Nπ0] .

Thus (3.43) may be applied to get

E0νb ≈
1
q0

[
FN
(
b0 + λ0, q0, v0,E0Ỹ

3
1,0

)
+ {0

]
, (4.9)

E0τa ≈
1
q0

[
FN
(
a0 + λ0, q0, v0,E0Ỹ

3
1,0

)
+ {0 +K

]
, (4.10)

where 0 ≤ K ≤ logN , and Fr(·, ·, ·, ·) is as defined in (3.44).

Special case: signal always present

We now consider the situation where the null hypothesis H0 is excluded from consideration, i.e. we
are certain that the signal is present in the system and only its location is to be determined. In this
case we have a fully symmetric set of N hypotheses.

It is easy to see that the distances between the hypotheses areDij = q1+q0 for all i, j = 1, . . . , N, j 6=
i, where q1 and q0 are as defined in (4.6).

Due to the symmetry, one may set ai = a, bi = b, πi = 1/N for i = 1, . . . , N , and assume a zero-one
loss function. The risks {Ri(δ)} are then all equal:

Ri(δ) = R(δ) = (N − 1)α12/N

where α12 = Pj(d = i),∀j 6= i is the probability of signal mixing. In order to meet a risk constraint
R̄, we use the bounds given in (3.37) to set a = log[1/(NR̄)] and b = log[(N − 1)/(NR̄)]. This will
guarantee that the constraint R̄ is met. However, as seen in numerical results, setting a = log[γ/(NR̄)]
and b = log[2γ/(NR̄)] (where γ = γi) results in tests that approximate R̄ more accurately.

To compute the ASS under any of the hypotheses, say H1, we first note that we have a situation
covered under Theorem 3.3 with r = N−1. In order to compute the required constants, it is convenient
to use the measure µ(xn) =

∏n
k=1 g0(xk,n) as the dominating measure for defining densities. Then the

likelihood functions are given by

fi(xn) =
g1(xi,n)
g0(xi,n)

, i = 1, . . . , N .

The components Yk,1 of the vector Y 1 are obviously i.i.d. in this case, with variance given by

v2 = Var0

[
log

g1(X)
g0(X)

]
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where Var0[·] denotes the variance relative to the density function g0(x). Thus V 1 = v2
I. Furthermore,

by symmetry, λk,1 = λ1 = 0. Applying (3.43), we get, for all i = 1, . . . , N ,

Eiνb ≈
1

q0 + q1

[
FN−1

(
b, q0 + q1, v,E1Y

3
1,1

)
+ {

]
, (4.11)

Eiτa ≈
1

q0 + q1

[
FN−1

(
a, q0 + q1, v,E1Y

3
1,1

)
+ { +K

]
. (4.12)

Here 0 ≤ K ≤ log(N − 1), { = {i, and Fr(·, ·, ·, ·) is as defined in (3.44).

4.2.1. Detection of deterministic signals in white Gaussian noise. Consider the problem of detection
of a deterministic pulse signal in an N -channel radar in the presence of additive white Gaussian noise.
The pre-processing scheme consists of a matched filter, matched to the pulse. Then the hypotheses are

H0 : Xk,n = ςk,n for k = 1, . . . , N ,

Hi : Xk,n = ςk,n for k 6= i; Xi,n = θ + ςi,n

where ςk,n ∼ N (0, σ2) are iid Gaussian variables (both θ and σ2 are assumed to be known). Note that

g0(x) =
1

σ
√

2π
exp
{
− x2

2σ2

}
, g1(x) =

1
σ
√

2π
exp
{
−(x− θ)2

2σ2

}
.

Let ρ = θ2/2σ2 denote the signal-to-noise ratio (SNR). Then it is easy to show that q0 and q1 of
(4.6) are both equal to ρ. The constants γ1 = γ0 and {1 = {0 are obtained by substituting ρ0 = ρ in
(4.1) and (4.3), respectively. The vector Y 0 is Gaussian and zero mean. From (3.41), it is clear that Ỹ 0

is Gaussian and zero mean as well. Hence E0Y
3

1,0 = 0. The constant v2
0 can be shown to equal 2ρ. Using

these constants, we can compute the ASS for both tests for any given costs, priors and risk constraints.
Sample results are given in Table 5. Note that the second order asymptotics are considerably more
accurate than the first order asymptotics, particularly for hypothesis H0.

In the completely symmetric case (signal is always present but its location is unknown), the required
constants are given by q0 + q1 = 2ρ, v2

1 = 2ρ, E0Y
3

1,1 = 0, and γ and { are obtained by substituting
ρ0 = 2ρ in (4.1) and (4.3), respectively.

For the completely symmetric case, the best FSS test chooses Hi if X̄i,T = maxj X̄j,T , where
X̄i,T =

∑T
n=1Xi,n/T , and T is the (fixed) number of observations. It can be shown that the risk R for

this test is given by

R =
1
N
− 1
N
√

2π

∫ ∞
−∞

[
Φ(x)

]N−1 exp

[
−(x−

√
Tθ)

2

2σ2

]
dx.

Using this equation, the value of T that meets the constraint R̄ can be found. Comparing T , Eτa and
Eνb in Table 6, we see that the sequential tests are two to three times faster than the FSS test.

4.2.2. Detection of fluctuating signals. Now suppose that one wants to detect a fluctuating signal
in additive white Gaussian noise from data at the output of a pre-processing scheme which consists of
a match filter and square-law detector [2]. Under the assumption that the signal has slow Gaussian
fluctuations within pulses and fast fluctuations between pulses (the Swerling II model), the observed
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data is exponentially distributed and independent. After appropriate normalization,

g0(x) = exp(−x) I{x ≥ 0} , g1(x) =
1

1 + ρ
exp

[
− x

1 + ρ

]
I{x ≥ 0} .

It is easy to show that q0 and q1 of (4.6) are given by:

q0 = log(1 + ρ)− ρ/(1 + ρ) , and q1 = ρ− log(1 + ρ)

and that

∆Zi0(n) = ρ
1+ρXi,n − log(1 + ρ), ∆Zij(n) = ρ

1+ρ [Xi,n −Xj,n] .

Since under Hi the distribution of ∆Zi0(n) has an exponential right tail,

Pi
{

∆Zi0(n) > z
}

=
1

(1 + ρ)1/ρ
exp

{
−1
ρz
}
I{z ≥ − log(1 + ρ)}, (4.13)

the distribution of the overshoot ri(c) = Zi0(τi0)− c is exponential for all c > 0 [31],[35]:

Pi
{
ri(c) > r

}
= exp

{
−1
ρr
}
I{r ≥ 0}.

Thus,

{1 = ρ, γ1 = 1/(1 + ρ)

and it remains to compute the constants γ0 and {0. By Port [24], the density of the overshoot r0(c) =
Z0i(τ0i)− c under H0 may be written in the form

p0(y) = 1
q0

P0

{
min
n≥1

Z0i(n) > y
}

= 1
q0

P0

{
Z0i(n) > y, n ≥ 1

}
.

Introduce the stopping time

τ−(y) = inf{n ≥ 1 : Z0i(n) ≤ y} for y ≤ ln(1 + ρ) .

Obviously,

P0{Z0i(n) > y, n ≥ 1} = P0{τ−(y) =∞} = 1− P0{τ−(y) <∞}

= 1−
∫
{τ−<∞}

exp{Z0i(τ−)} dPi = 1− eyEie−χ−(y)

where χ−(y) = y + Zi0(τ−). It follows from (4.13) that for any y ≤ ln(1 + ρ)

Pi{χ−(y) ≥ t} = exp
{
−1
ρ t
}
I{t ≥ 0}, Eie−χ−(y) = (1 + ρ)−1

and hence

p0(y) =
1
q0

[
1− 1

1+ρe
y
]
I{0 ≤ y ≤ ln(1 + ρ)} .

Using this last expression we finally obtain

γ0 =
q1

q0
γ1, {0 =

1
2q0

[log(1 + ρ)]2 − 1 .

The constant v2
0 is given by

v2
0 =

ρ2

(1 + ρ)2
.
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It is easy to show that

Yk,0 =
ρ

1 + ρ

N∑
m=1
m6=k

(1−Xm,n).

Now, starting with the definition of Ỹ1,0 given in (3.41), a series of straightforward calculations leads to

E0Ỹ
3

1,0 =
2ρ3

(1 + ρ)3

[
1 +

4
N2
− 6
N

]
.

Using these constants, we can compute the ASS for both tests for any given costs, priors and risk
constraints. Sample results are given in Table 7.

For the completely symmetric case (we don’t test the hypothesis H0),

Pi
{

∆Zij(n) > z
}

= P
{
Xi >

1+ρ
ρ z +Xj

}
=
∫ ∞

0
Pi
{
Xi >

1+ρ
ρ z + x

}
e−xdx

=
∫ ∞
−∞

I{x ≥ 0}I
{
x ≥ 1+ρ

ρ z
}

exp
{
−
(

1
ρz + 1

1+ρx
)}

e−xdx

+
∫ ∞
−∞

I{x ≥ 0}I
{
x ≤ 1+ρ

ρ z
}
e−xdx

After some simple algebra, we obtain

Pi
{

∆Zij(n) > z
}

=
[
1 +

1 + ρ

2 + ρ
exp

{
1+ρ
2+ρz

}
− exp

{
1+ρ
ρ z
}]
I{z < 0}

+
1 + ρ

2 + ρ
exp

{
−1
ρz
}
I{z ≥ 0}.

Hence again the distribution has an exponential right tail and the overshoot rij(c) has the exponen-
tial distribution with the parameter 1/ρ. Thus

{i = ρ, γi = 1/(1 + ρ).

The constant v2 obviously equals v2
0, and E1Y

3
1,1 is easily seen to be given by

EiY 3
j,i =

2ρ3

(1 + ρ)3 .

Sample results for this case are given in Table 8.

5. Conclusions

We studied two constructions of sequential tests for multiple hypotheses. The MSPRT δb has the
advantage that it is easier to implement, while, as shown in Sections 3 and 4, δa is easier to design to
meet given risk requirements. We established in [13] that both MSPRT’s asymptotically minimize any
positive moment of the stopping time distribution, under general statistical models for the observations.
This makes the MSPRT’s attractive candidates for practical applications, and it is hence of interest to
obtain analytical approximations for the expected sample sizes of these tests.

Simulation results for several examples and various conditions show that while the first order ap-
proximations to the expected sample size are fairly inaccurate in most cases, the derived higher or-
der approximations (up to a vanishing term) are accurate not only for large but also for moderate
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sample sizes, which are typical for many applications. This is especially true in cases where the set
Γi = {j : Dij = Di} consists of more than a single point j∗(i). But even in the asymmetric situation
when j∗(i) is unique, the higher order approximations are substantially more accurate compared to the
first order ones.

For the test δa, the risk constraints are sharply met by setting the thresholds as specified in Corol-
lary 3.1. This is true not just in the asymmetric case (as may be expected from Corollary 3.1) but also
in the general case. For δb, on the other hand, it is more difficult to meet the risk constraints. But if
the thresholds for δb are chosen (by trial and error) to meet the constraints tightly, then the average
sample sizes are the same as those for δa.

The results presented in this paper complete the asymptotic analysis initiated in [4] for the case
of i.i.d. observations. Since the MSPRT’s studied in this paper are asymptotically optimal under more
general statistical models for observations, it would be of interest to analyze the performance of the
MSPRT’s under these models. We leave this as an open problem for future research.

Appendix

Proof of Theorem 3.1. Consider the test δa. We first show that

Eiτi =
1
Di

(
ai + logwj∗i + {i

)
+ o(1) as min

k
ak →∞ . (A.1)

The above result follows from (3.10), (3.8) and an application of Theorem 4.5 of [35]. However, before
we can apply Theorem 4.5 of [35], the validity of the following four conditions has to be checked:

ξi(n) converges in distribution to a random variable ξ ; (A.2)
∞∑
n=1

Pi
{
ξi(n) ≤ −εn

}
<∞ for some 0 < ε < Di ; (A.3)

Pi
(
τi ≤ εai/Di

)
= o
(
1/ai

)
for some 0 < ε < 1 as ai →∞ ; (A.4)

max
0≤k≤n

|ξi(n+ k)| , n ≥ 1, are uniformly integrable. (A.5)

By (3.8), the condition (A.2) is true with ξ = logwj∗i. Condition (A.3) holds since ξi(n) ≥ logwj∗i.
Obviously,

τi ≥ ti = inf{n ≥ 1 : Zij∗(n) ≥ ãi} , ãi = ai + logwj∗i

and hence

Pi(τi ≤ m) ≤ Pi(ti ≤ m) = Pi

{
max
n≤m

Zij∗(n) ≥ ãi
}

= Pi

{
max
n≤m

exp[λZij∗(n)] ≥ exp(λãi)
}
, λ > 0 .

(A.6)

It is easily checked that the process exp[λZij∗(n)], n ≥ 1, is a Pi-submartingale for any λ > 0. Applying
Doob’s inequality for submartingales [21] to the last term in (A.6), we obtain

Pi(τi ≤ m) ≤ exp(−λãi)Ei exp[λZij∗(m)] = exp(−λãi) exp[mρi(λ)]

where

ρi(λ) = log

(
Ej∗

[
fi(X1)
fj∗(X1)

]1+λ
)
> 0 for λ > 0 .
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Taking m = εai/Di, we finally obtain

Pi(τi ≤ εai/Di) ≤ exp[−ãi(λ− ερi(λ)/Di)] . (A.7)

Choosing ε sufficiently small, ε < λDi/ρi(λ), one may see that Pi(τi ≤ εai/Di) is bounded by exp(−Cai),
C > 0, and hence the condition (A.4) holds true.

Thus, it remains to check the condition (A.5) (uniform integrability) which is a straightforward but
tedious task (see, e.g., [4]).

Therefore, all conditions of Theorem 4.5 in [35] are satisfied. The use of this theorem yields (A.1)
for large ai. To prove the assertion of the theorem for the test procedure δa, it remains to prove that

Ei(τi − τa) = o(1) as min
k
ak →∞ . (A.8)

To this end, we first observe that

Ei(τi − τa) = Ei
{

(τi − τa)I(τa 6= τi)
}
≤ 2Ei

{
τi I(τa 6= τi)

}
.

Using Schwarz’s inequality, we get

Ei(τi − τa) ≤ 2
√

Eiτ2
i

√
Pi(τa 6= τi) .

By Lemma 2.1 in [13] ∑
i 6=k

πiW (i, k)Pi(da = k) ≤ πk e−ak

which implies

Pi(da = k) ≤ w−1
ik e−ak for all k 6= i .

In turn, the latter inequality yields

Pi(τa 6= τi) = Pi(da 6= i) =
∑
k 6=i

Pi(da = k) ≤
∑
k 6=i

w−1
ik exp(−ak)

≤ N

mink 6=iwik
exp(−min

k
ak)

Now Eiτ2
i ∼ a2

i /D
2
i by Corollary 3.1 in [13]. Thus,

Ei(τi − τa) ≤ Cai exp
(
−1

2 min
k
ak

)
→ 0 as min

k
ak →∞

and the theorem follows for the MSPRT δa.
For the test δb the argument is quite similar. In just the same way as above one can prove that the

conditions (A.2)–(A.5) hold for the process Yi(n), n ≥ 1. Then using (3.3)–(3.12) and Theorem 4.5 in
[35], we obtain

Eiνi =
1
Di

(
bi + logwj∗i + {i

)
+ o(1) as min

k
bk →∞ .

The rest of the argument is essentially the same. �

Proof of Theorem 3.3. Consider the test procedure δb. Arguments identical to those used in
the proof of Theorem 3.1 may be used to establish that it is sufficient to prove (3.35) only for νi.

Now recall from (3.32) that

νi = inf
{
n : Si(n) ≥ ξ(n) +A(n, bi)

}
, (A.9)



MULTIHYPOTHESIS SPRT’S, PART II 25

where Si(n) = Zi(n) − nµi[M−1] is a random walk with increments having positive mean EiZi(1) −
µi[M−1] = Di, A(n, bi) = bi + hr,i

√
n and

ξ(n) = max
k 6=i

[
logwki + Zk(n)− nµi[M−1]

]
− hr,i

√
n . (A.10)

It is desirable to replace the maximization over k 6= i in (A.10) by a maximization over only those
k corresponding to the r nearest hypotheses. To this end, let

L = sup
{
n : max

j=M−r,...,M−1

(
logw〈j〉i + Z〈j〉(n)

)
< max

j=1,...,M−r−1

(
logw〈j〉i + Z〈j〉(n)

)}
,

where 〈j〉 is as defined in (3.28).
Due to assumption (3.26), we have

Pi(L ≥ n) = Pi

{
max

j≤M−r−1

(
logw〈j〉i + Z〈j〉(k)

)
> max

j>M−r−1

(
logw〈j〉i + Z〈j〉(k)

)
for some k ≥ n

}
≤ Pi

{
max

j≤M−r−1

(
logw〈j〉i

k
+
Z̃j(k)
k

)
> ε for some k ≥ n

}

≤ Pi

{
sup
k≥n

(
max

j≤M−r−1

Z̃j(k)
k

)
> ε−

maxj≤M−r−1 logw〈j〉i
n

}

≤
∑

j≤M−r−1

Pi

{
sup
k≥n

(
1
k

∣∣Z̃j(k)
∣∣) > ε1

}
,

where

ε = µi[M−1] − µi[M−r−1] > 0 , ε1 = ε− 1
n

max
j≤M−r−1

logw〈j〉i ,

Z̃j(k) = Z〈j〉(k)− kµi[j] − Z〈M−1〉(k) + kµi[M−1] .

Since Z̃j(k) is a random walk with mean zero and finite second moment, Ei|Z̃j(1)|2 < ∞, by the
Baum-Katz rate of convergence in the law of large numbers [3]1,∑

n≥1

Pi

(
sup
k≥n

|Z̃j(k)|
k

≥ ε1

)
<∞ for all ε1 > 0 ,

which along with the above inequality yields

EiL =
∑
n≥1

Pi(L ≥ n) <∞ .

Hence, for n > L, we can write ξ(n) of (A.10) as

ξ(n) =
√
n[ζ(n)− hr,i] (A.11)

with

ζ(n) =
1√
n

max
1≤k≤r

[
λk,i + Z〈M−r−1+k〉(n)− nµi[M−1]

]
, (A.12)

1See also Chow and Lai [8] for a one-sided versions that may be applied in the case considered.
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where λk,i is defined in (3.31). The proof of (3.35) for νi runs almost parallel to that of Lemma 1 in
Dragalin [11] and is based on Theorem 3 of Zhang [36]. In order to apply this theorem the following
conditions need to be checked.

Pi
{
νi ≤ (1− ε)bi/Di

}
= o
(
b−1
i

)
as bi →∞ for some 0 < ε < 1; (A.13)

nPi
{

max0≤i≤n ξ(n+ i) ≥ εn
}
→ 0 as n→∞, ∀ε > 0; (A.14)∑∞

n=1 Pi
{
ξ(n) ≤ −ωn

}
<∞ for some 0 < ω < Di; (A.15){

max1≤i≤n |ξ(n+ i)| , n ≥ 1
}

is uniformly integrable; (A.16)

limn→∞ Pi
{

maxi≤√n |ξ(n+ i)− ξ(n)| ≥ ε
}

= 0 for any ε > 0; (A.17)

ξ(n) converges in distribution to an integrable random variable ξ. (A.18)

Then, by Theorem 3 of Zhang [36],

Eiνi = b+
1
Di

(
{i + Eiξ

)
+ o(1) as bi →∞ (A.19)

where

b = bbi = sup{t ≥ 1 : A(t, bi) ≥ Dit} =
bi
Di

+
hr
Di

√
bi
Di

+
h2
r

4D2
i

+
h2
r

2D2
i

. (A.20)

To prove (A.13) we rewrite νi in the following form

νi = inf{n : Si(n) + γ(n) ≥ bi} ,

where γ(n) = −max1≤j≤r(S
j
n + λj) with Sjn = Z〈M−r−1+j〉(n) − nµi[M−r−1+j] which is a zero-mean

random walk. Let K = [(1 − ε)bi/Di] and Λ = max(Si(1) − Di, Si(2) − 2Di, . . . , Si(K) − KDi). (In
what follows we omit the index i in hr,i, λki, Si(n), etc. for brevity.) Then

Pi
(
νi ≤ K

)
= Pi

{
max
n≤K

(S(n) + γ(n)) ≥ bi
}

≤ Pi
{

max
n≤K

S(n) ≥ (1− ε/2)bi
}

+ Pi
{

max
n≤K

γ(n) ≥ εbi/2
}
.

(A.21)

By the submartingale inequality, the first probability in (A.21) can be estimated above

Pi
{

max
n≤K

S(n) ≥ (1− ε/2)bi
}
≤ Pi

(
Λ ≥ εDiK/2

)
≤
(

2
εDiK

)2 ∫
{Λ≥εDiK/2}

(S(K)−KDi)2 dPi .

Since Var(S(K)) = Kσ2
0, we have that Pi(Λ ≥ εDiK/2) → 0 as bi → ∞. Then, by the uniform

integrability of (S(K)−KDi)/σ0

√
K,∫

{Λ≥εDiK/2}

(
S(K)−KDi

σ0

√
K

)2

dPi → 0 ,

and hence Pi{maxn≤K S(n) ≥ (1− ε/2)bi} = o(1/K).
Using the same arguments, it may be shown that the second probability in (A.21)

Pi
{

max
n≤K

γ(n) ≥ εbi/2
}
≤ Pi

{
max
n≤K

(−S1
n − λ1) ≥ εDiK/2(1− ε)

}
= o
(
1/K

)
.

The proof of (A.13) is complete.
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Let N = εn− hr
√

2n. The proof of (A.14) is a direct application of a submartingale inequality and
uniform integrability of Sj2n/

√
2n:

Pi
{

max
k≤n

ξ(n+ k) ≥ εn
}
≤ Pi

{
max
k≤2n

ξ(k) ≥ εn
}
≤ Pi

{
max
k≤2n

min
j

(−Sjk − λj) ≥ N
}

≤ Pi
{

max
k≤2n

(−S1
k − λ1) ≥ N

}
≤ 1

(N + λ1)2

∫
{maxk≤2n(−S1

k−λ1)≥N}
(S1

2n)2 dPi .

Similar to the proof of (A.4) we have that Pi{maxk≤2n(−S1
k − λ1) ≥ N} → 0 as bi → ∞. Now, the

uniform integrability of S1
2n/
√

2n yields Pi{maxk≤n ξ(n+ k) ≥ εn} = o(1/n) which proves (A.14).
Verification of (A.15) is similar to, but simpler than, that presented in the proof of (A.14) and is

omitted.
Conditions (3.6)–(3.7) (slowly changing) and conditions (A.16)–(A.18) are used in the proof of

Theorem 3 in [36] to obtain the uniform integrability of the overshoot ρbi = Si(νi) + γ(νi)− bi and to
prove that Eiξ(n) → Eiξ as n → ∞. The former follows from Lemma 4.2 in [10] which states that ρbi
is bounded above by a uniformly integrable random variable. The latter convergence is proved in the
next paragraph.

Using Theorem 20.1 of Bhattacharya and Rao [5] with f(x) = max1≤k≤r{xk} and s = 3, we have
(under the assumption of our theorem)

Eiζ(n) = E max
1≤k≤r

{
ςk +

λk√
n

}
+

1√
n

∫
Rr

max
1≤k≤r

{
xk +

λk√
n

}
P(x)φ0,V (x) dx+ o

(
n−1/2

) (A.22)

where ς = (ς1, . . . , ςr) ∼ Nr(0,V ). On the other hand, transformation of variables and first-order Taylor
expansion for φ0,V (x) in the first integral yield (as n→∞)

E max
1≤k≤r

{
ςk +

λk√
n

}
=
∫
Rr

max
1≤k≤r

{
yk +

λk√
n

}
φ0,V (y) dy

=
∫
Rr

max
1≤k≤r

{xk}φ0,V (x− λ/
√
n) dx

=
∫
Rr

max
1≤k≤r

{xk}φ0,V (x) dx

+
1√
n

∫
Rr

max
1≤k≤r

{xk}λV −1x>φ0,V (x) dx+ o
(
n−1/2

)
.

(A.23)

By J2 denote the second integral in (A.22). Obviously we have the following estimates for J2

1
n

min
1≤k≤r

{λk}
∫
Rr
P(x)φ0,V (x) dx+

1√
n

∫
Rr

max
1≤k≤r

{xk}P(x)φ0,V (x) dx ≤ J2

≤ 1√
n

∫
Rr

max
1≤k≤r

{xk}P(x)φ0,V (x) dx+
1
n

max
1≤k≤r

{λk}
∫
Rr
P(x)φ0,V (x) dx ,

which show that

J2 =
1√
n

∫
Rr

max
1≤k≤r

{xk}P(x)φ0,V (x) dx+ o
(
n−1/2

)
as n→∞ . (A.24)

The relations (A.11) and (A.22)–(A.24) give

Eiξ(n) = Cr,i + o(1) as n→∞ .

Substituting the above limiting value for Eiξ in (A.19), the required asymptotic result (3.35) follows.
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Now, consider the MSPRT δa. It follows from (2.2) in [13] that if bi = ai, i = 0, 1, . . . ,M − 1, then

Eiνb ≤ Eiτa ≤ Eiνb+log(M−1)

Thus, Eiτa may be obtained to within a constant factor K, 0 ≤ K ≤M − 1, by replacing bi with ai in
(3.35). �
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Table 3. Results for Example 1 with distinct distances between hypotheses.
The number of trials used in the simulations was 105 and 106 for cases (i) and (ii),
respectively. The best fixed sample size test that meets the constraint on the Bayes risk∑

iRi takes 34 and 111 samples for cases (i) and (ii), respectively.

(i) θ0 = −0.6, θ1 = 0.0, θ2 = 1.0; σ2 = 1.0

Results for Test δa
Risks & Thresholds Expected Sample Size
R̄i ai R̂i Êiτa (Eiτa)fo εfo% (Eiτa)so εso %

H0 0.01 3.16 0.0097 18.83 17.54 6.82 19.75 4.88
H1 0.01 3.16 0.0091 21.46 17.54 18.2 19.75 7.99
H2 0.01 2.93 0.0098 7.24 5.85 19.1 7.29 0.66

Results for Test δb (using bi = log(2γi/3R̄i))
R̄i bi R̂i Êiνb (Eiνb)fo εfo% (Eiνb)so εso %

H0 0.01 3.85 0.0049 22.98 21.39 6.91 23.59 2.68
H1 0.01 3.85 0.0053 25.27 21.39 15.34 23.59 6.62
H2 0.01 3.62 0.0051 8.61 7.24 15.90 8.67 0.66

Results for Test δb (using bi = ai)
R̄i bi R̂i Êiνb (Eiνb)fo εfo% (Eiνb)so εso %

H0 0.01 3.16 0.0097 18.75 17.54 6.46 19.74 5.30
H1 0.01 3.16 0.0106 20.85 17.54 15.89 19.74 5.33
H2 0.01 2.93 0.0100 7.17 5.85 18.39 7.29 1.67

(ii) θ0 = −0.5, θ1 = 0.0, θ2 = 1.0; σ2 = 1.0.

Results for Test δa
Risks & Thresholds Expected Sample Size
R̄i ai R̂i Êiτa (Eiτa)fo εfo% (Eiτa)so εso %

H0 0.001 5.52 1.0× 10−3 46.48 44.15 5.02 46.73 0.55
H1 0.001 5.52 1.0× 10−3 48.39 44.15 8.77 46.73 3.42
H2 0.001 5.23 1.0× 10−3 11.90 10.46 12.10 11.89 0.03

Results for Test δb (using bi = log(2γi/3R̄i))
R̄i bi R̂i Êiνb (Eiνb)fo εfo% (Eiνb)so εso %

H0 0.001 6.21 4.9× 10−4 52.12 49.69 4.66 52.28 0.31
H1 0.001 6.21 5.6× 10−4 53.60 49.69 7.27 52.28 2.44
H2 0.001 5.92 5.4× 10−4 13.28 11.84 10.79 13.28 0.01

Results for Test δb (using bi = ai)
R̄i bi R̂i Êiνb (Eiνb)fo εfo% (Eiνb)so εso %

H0 0.001 5.52 1.0× 10−3 46.47 44.15 5.01 46.73 0.57
H1 0.001 5.52 1.1× 10−3 48.03 44.15 8.10 46.73 2.70
H2 0.001 5.23 1.0× 10−3 11.89 10.46 12.01 11.89 0.07
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Table 4. Results for Example 1 with θ0 = −0.5, θ1 = 0.0, θ2 = 0.5; σ2 = 1.0. The
number of trials used in the simulations was 106. The fixed sample size test that meets
the constraint on the Bayes risk

∑
iRi takes 131 samples.

Results for Test δa
Risks & Thresholds Expected Sample Size
R̄i ai R̂i Êiτa (Eiτa)fo εfo% (Eiτa)so εso %

H0 0.001 5.52 1.0× 10−3 46.59 44.15 5.24 46.74 0.32
H1 0.001 5.52 1.1× 10−3 69.43 44.15 36.41 73.64 6.07
H2 0.001 5.52 1.0× 10−3 46.60 44.15 5.27 46.74 0.29

Results for Test δb (using b0 = a0, b2 = a2, b1 = log(γ1/2R̄1))
R̄i bi R̂i Êiνb (Eiνb)fo εfo% (Eiνb)so εso %

H0 0.001 5.52 1.0× 10−3 46.61 44.15 5.29 46.74 0.26
H1 0.001 5.92 8.0× 10−4 71.67 47.39 33.88 77.63 8.31
H2 0.001 5.23 1.0× 10−3 46.64 44.15 5.33 46.73 0.22
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Table 5. Results for Example 2 with Gaussian observations and H0 present.
The number of trials used in the simulations was 105 and 106 for R̄0 values of 0.01 and
0.001, respectively.

(i) N = 4, π0 = 0.5, θ = 0.5, σ2 = 1.

Results for Test δa
Risks & Thresholds Expected Sample Size
R̄i ai R̂i Êiτa (Eiτa)fo εfo% (Eiτa)so εso %

H0 0.01 3.62 1.0× 10−2 47.56 28.97 39.09 48.31 1.57
H1 0.001 4.54 1.0× 10−3 49.29 36.30 26.36 49.98 1.39

H0 0.001 5.92 1.0× 10−3 72.37 47.39 34.52 73.58 1.67
H1 0.0001 6.84 1.0× 10−4 68.81 54.72 20.48 68.40 0.60

Results for Test δb (using b0 = log(2γ0π0/R̄0), and bi = ai, i 6= 0)
R̄i bi R̂i Êiνb (Eiνb)fo εfo% (Eiνb)so εso %

H0 0.01 4.31 7.8× 10−3 50.50 34.51 31.66 56.14 11.18
H1 0.001 4.54 1.1× 10−3 48.87 36.30 25.73 49.98 2.27

H0 0.001 6.61 7.3× 10−4 75.99 52.93 30.34 80.86 6.41
H1 0.0001 6.84 1.0× 10−4 68.45 54.72 20.05 68.40 0.06

(ii) N = 10, π0 = 0.5, θ = 0.5, σ2 = 1.

Results for Test δa
Risks & Thresholds Expected Sample Size
R̄i ai R̂i Êiτa (Eiτa)fo εfo% (Eiτa)so εso %

H0 0.01 3.62 1.1× 10−2 58.65 28.97 50.60 59.62 1.65
H1 0.001 3.62 1.0× 10−3 49.98 28.97 42.04 49.98 0.00

H0 0.001 5.92 1.1× 10−3 87.10 47.39 45.59 88.66 1.79
H1 0.0001 5.92 1.0× 10−4 69.30 47.39 31.61 68.40 1.29

Results for Test δb (using b0 = log(2γ0π0/R̄0), and bi = ai, i 6= 0)
R̄i bi R̂i Êiνb (Eiνb)fo εfo% (Eiνbso εso %

H0 0.01 4.31 1.0× 10−2 59.15 34.51 41.65 68.74 16.21
H1 0.001 3.62 1.2× 10−3 48.70 28.96 40.51 49.98 2.64

H0 0.001 6.61 9.0× 10−4 89.17 52.93 40.64 96.87 8.63
H1 0.0001 5.92 1.1× 10−4 68.59 47.39 30.91 68.40 0.28
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Table 6. Results for Example 2 with Gaussian observations and H0 absent.
The number of trials used in the simulations was 105 and 106 for R̄ values of 0.01 and
0.001, respectively.

(i) N = 4, θ = 0.25, σ2 = 1.

Results for Test δa
Risks & Thresholds Expected Sample Size
R̄ a R̂ Êτa (Eτa)fo εfo% (Eτa)so εso % T (FSS)

0.01 3.01 9.8× 10−3 80.64 48.20 40.22 81.68 1.28 151
0.001 5.32 1.0× 10−3 127.67 85.05 33.38 126.07 1.25 287

Results for Test δb (using b = log(2γ/(NR̄)))
R̄ b R̂ Êνb (Eνb)fo εfo% (Eνb)so εso % T (FSS)

0.01 3.71 7.5× 10−3 87.07 59.30 31.89 95.27 9.42 151
0.001 6.01 7.3× 10−4 134.54 96.14 28.54 139.11 3.39 287

(i) N = 10, θ = 0.25, σ2 = 1.

Results for Test δa
Risks & Thresholds Expected Sample Size
R̄ a R̂ Êτa (Eτa)fo εfo% (Eτa)so εso % T (FSS)

0.01 2.10 9.4× 10−3 92.74 33.55 63.83 93.41 0.72 144
0.001 4.40 1.0× 10−3 148.51 70.39 52.60 144.45 2.73 290

Results for Test δb (using b = log(2γ/(NR̄)))
R̄ b R̂ Êνb (Eνb)fo εfo% (Eνb)so εso % T (FSS)

0.01 2.79 1.1× 10−2 89.26 44.64 49.99 109.26 22.41 144
0.001 5.09 9.7× 10−4 150.15 81.48 45.73 159.12 5.97 290
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Table 7. Results for Example 2 with exponential observations and H0 present.
The number of trials used in the simulations was 105 and 106 for R̄0 values of 0.01 and
0.001, respectively.

(i) N = 4, π0 = 0.5, ρ = 0.5.

Results for Test δa
Risks & Thresholds Expected Sample Size
R̄i ai R̂i Êiτa (Eiτa)fo εfo% (Eiτa)so εso %

H0 0.01 3.78 9.1× 10−3 77.48 52.36 32.41 75.81 2.15
H1 0.001 4.42 9.0× 10−4 66.78 46.78 29.93 66.74 0.06

H0 0.001 6.08 7.8× 10−4 118.92 84.28 29.13 118.10 0.68
H1 0.0001 6.72 9.4× 10−5 92.01 71.14 22.68 92.02 1.00

Results for Test δb (using b0 = log(2γ0π0/R̄0), and bi = ai, i 6= 0)
R̄i bi R̂i Êiνb (Eiνb)fo εfo% (Eiνb)so εso %

H0 0.01 4.47 7.0× 10−3 81.64 61.97 24.09 88.89 8.88
H1 0.001 4.42 1.1× 10−3 65.83 46.78 28.93 66.74 1.38

H0 0.001 6.77 5.7× 10−4 124.41 93.89 24.53 130.35 4.76
H1 0.0001 6.72 1.0× 10−4 91.28 71.14 22.06 91.10 0.21

(ii) N = 10, π0 = 0.5, ρ = 0.75.

Results for Test δa
Risks & Thresholds Expected Sample Size
R̄i ai R̂i Êiτa (Eiτa)fo εfo% (Eiτa)so εso %

H0 0.01 3.72 9.8× 10−3 49.72 28.43 42.81 46.70 6.07
H1 0.001 3.35 1.0× 10−3 33.78 17.60 47.88 33.64 0.42

H0 0.001 6.02 8.1× 10−4 75.28 46.00 38.89 73.07 2.93
H1 0.0001 5.65 1.0× 10−4 46.38 29.70 35.96 45.74 1.39

Results for Test δb (using b0 = log(2γ0π0/R̄0), and bi = ai, i 6= 0)
R̄i bi R̂i Êiνb (Eiνb)fo εfo% (Eiνb)so εso %

H0 0.01 4.42 9.9× 10−3 49.56 33.72 31.96 54.98 10.93
H1 0.001 3.35 1.0× 10−3 32.64 17.61 46.05 33.64 3.07

H0 0.001 6.72 7.0× 10−4 76.74 51.30 33.16 80.54 4.95
H1 0.0001 5.65 1.2× 10−4 45.70 29.70 35.00 45.74 0.09
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Table 8. Results for Example 2 with exponential observations and H0 absent.
The number of trials used in the simulations was 105 and 106 for R̄i values of 0.01 and
0.001, respectively.

(i) N = 4, ρ = 0.3.

Results for Test δa
Risks & Thresholds Expected Sample Size
R̄ a R̂ Êτa (Eτa)fo εfo% (Eτa)so εso %

0.01 2.96 9.4× 10−3 71.20 42.70 40.02 70.18 1.43
0.001 5.26 9.4× 10−3 112.40 75.96 32.42 109.49 2.60

Results for Test δb (using b = log(2γ/(NR̄)))
R̄ b R̂ Êνb (Eνb)fo εfo% (Eνb)so εso %

0.01 3.65 7.6× 10−3 75.95 52.71 30.58 82.20 8.23
0.001 5.95 6.8× 10−4 117.95 85.98 27.10 121.05 2.63

(i) N = 10, ρ = 0.5

Results for Test δa
Risks & Thresholds Expected Sample Size
R̄ a R̂ Êτa (Eτa)fo εfo% (Eτa)so εso %

0.001 4.20 9.8× 10−4 52.37 25.20 51.88 49.19 6.06
0.0001 6.50 1.0× 10−4 69.49 39.01 43.86 66.53 4.25

Results for Test δb (using b = log(2γ/(NR̄)))
R̄ b R̂ Êνb (Eνb)fo εfo% (Eνb)so εso %

0.001 4.89 1.0× 10−3 52.35 29.35 43.93 54.50 4.08
0.0001 7.19 9.0× 10−5 70.18 43.17 38.49 71.63 2.05


