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ABSTRACT

The steady-state response of shallow alluvial valleys to plane monochromatic
Rayleigh waves has been studied by a new analytical method, The shape of the valley
is circular, with depth to half-width ratio<{1, The method is based on representation
of the transmitted into the valley and the scaltered waves in Fourier-Bessel series,
Finite Fourier series have been used to approximate the free-fiecld motion before the
application of the continuity of stresses and displacements conditions, The results
show that in general the valley amplifies the incident ground motion and that the
amplification and the complexity of the displacement pattern depend on the frequency
of the incident Rayleigh waves and on the shape of the valley,

INTRODUCTION

In earthquake engineering it is of importance for the design purposes to study
the amplification patterns of strong ground motion in soft sediment valleys, Many
studies of this subject have been carried out in the past twenty years, mostly em-
ploying various numerical techniques(e,g,Sénchez-Sesma and Esquivel, 1979; Moecen-
Vaziri and Trifunac, 1988a, by and many others), The numerical methods are appli-
cable to inhomogeneities of arbitrary shape,but often met with difficulties in the nu-
merical evaluations for higher frequencies of excitation, The exact analytical ' solutions
are only few, Those of Trifunac (1971) and Wong and Trifunac (1974) for semi-
circular and semi-elliptical valleys, and for incident plane SH-waves are commonly
used for calibration of the numerical methods, Recently Todorovska and Lee (19892,
b,c) presented a new analytical mcthod for circular cylindrical valleys and for inci-
dent plane SH, P and SV-waves, respectively, In their work for the first time this

class of problems was treated analytically for incident in plane excitation, Their
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method is a generalization of the method 'propOSed by Cao and Lee (1988a, b) , Lee
and Cao (1988) and Todorovska and Lee (1989d), for circular canyons and plane
SH, P and SV and Rayleigh waves, This method is based on representation of the
scattered waves and the motion inside the valley in complete series of eylindrical
wave functions and approximation of the half-space surface in the vicinity of the
valley by a cylindrical surface with very large radius,

This paper is a continvation of the work of Todorovska and Lee (1989a, b,c),
Their method has been extended here to circular valleys excited by monochromatic
Rayleigh waves, The purpose of this paper is to check the applicability of the me-
thod for this type of excitation and to present some numerical results,

THE MODEL

The model which we consider is a two-dimensional, homogeneous, isotropic
and linearly elastic alluvial valley imbedded into a homogeneous, isotropic and per-
fectly clastic half-space(Fig,1), The shear wave velocity, shear modulus and the
Poisson’s ratio of the valley and of the half-space are 8,,p, and v, and B.,u; and
v,, respectively, Perfect bond is assumed between the two media, The shape of the
valley is circular and it's depth to half-width ratio can take values<C1, The radius
of curvature of the valley is b and the center of curvature is at O,, In Fig,1 d is
the distance from O, to the half-space surface, The depth of the valley is h=b-—d
and the half-width is a@=+/ b%—hZ ,The cylindrical surface with center at O; and
large radius R approximates the half-space surface close 1o the valley (Todorovska
and Lee,1989a,b,c), The distance between the centers of curvature of the two eyl-
inders, where also the rectangular coordinate systems x,~0, -z, and X3—03~-2,
and the polar coordinate systems r, -8, and r, —- @, originate, is D, The rectangu-
lar coordinate system x ~O -z is used to define the excitation,

The excitation is a monochromatic Rayleigh wave defined via its P-and S§-

wave potentials, ¢ and ¢, respectively, as

$=Ce-brrgit (x=2t) (la)
p=De-Pareits—ct) (1b)
where C and D are complex constants, b, and b,, both real and positive, are the

rates of the monothonic decay of the potentials with increasing depth, t is the time

variable and i=+/-1, The inhomogeneous wave is propogating in the positive
x-direction with phase velocity ¢ and with wave number k=w/c, where @ is the
circular frequency, Those quantities are related as follows (Eringen and Suhubi,
1975);
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=kv/ 1-(c/a,)? (2a)
by=ky/ 1= (c/B)® (0
and
2 1
D= Zb, (k +b3)C, (2¢)

where @, =+/2(1~v,)/(1-2v,)B, is the P-wave velocity in the half-space, The
eigenvalue of ¢ is 2 solution of the Rayleigh equation and has values, e,g,, c=
0,91948, for v=1/4 and ¢=0,9320 for v=1/3, The particle motion is elliptical
(retrograde on the surface), In the r, ~8, coordinate system the potentials ¢ and ¢
can be written as

d=Cebriegibat ot d, —0,)-iat (3a)

B=Debadeityr foi 0 40, -ins (3b)
where k, =@/a and k; =@ /B are the wave numbers of the P and the S-waves, res-
pectively in the half-space and 6, and 6, are complex angles (Todorovska and Lee,
1989d)defined as

0, = —’zr—— —id, (4a)
and

8, =—’25m ~ig, 4b)
where

¢, =cosh™!(a, /c) (4¢)

¢5 =cosh™! (B, /c) (4d)

are real quantities,
The potentials of the scattered waves,¢® and ¢®,and of the motion inside the
valley,¢T and T,have to satisfy the two-dimensional wave equations

3* 1 Gl 1
E ae‘)"’ o 5t o
and
3° 1 3 1
(B"i * r, or; r{ 393 )¢ Bl Btz LY

where ¢ and y° stand for ¢* and ¢¥,and for Y® and yT,respectively,while @, and
B, represent their correspending velocities, The boundary conditions that the result-

ant motion has to satisfy are the zero-stress conditions

(:::::;) = ( g )at z=0 (6a)
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(,:::) ( )atz* (6b)

and the continuity of stressses and displacements conditions

u(:) u(v)
(utn) (ucva)at r,=b (7a)
and
T :
(1.':'1’ 1) ( ul) l)at r,=b, (7b)
t,8, 118,

where ¢}, 147, 1:‘,': rys Tee, and 78}, 472, ), s 7¥)s, are the components of

the stress tensor in the half-space and in the valley and uy!) and u§'land uy) and
u‘,’: are the displacement components in the respective media, Those displacement and

stress components for the coordinate systems in Fig, 1 can be derived from the po-
tentials as in Todorovské and Lee (1989d),

As in the preceeding applications of this method (Todorovska and Lee, 1989b,
¢), the potentials of the scattered waves, ¢® and ¥®, and of the transmitted waves
into the valley, ¢¥ and $T, will be represented as sums of two Fourier-Bessel series
(one in the r, -6, coordinate system and the other in the r, -8, coordinate sys-

tem), i,e,
¢2 =k + 42 (8a)
v =9} + 9% <82
¢T=¢'{'+¢'{ (96)
and
w'l‘ ¢T+¢T (Qb)
where _
i =0%(r,,0,,t)= ZH‘.“(RS;'"":) (Ajl?s «cosnb, + Bf,,sinnﬂ,)e—"“ (10a)
P =95(r,0,,1) = ZH“’(k“’r ) (C,,,,SmW,E)l + Df,,cosnel)e"”' (10b)
¢§ =¢§(r2 !62 9t) = st(k(a”rz)(A‘zR! -cosnaz + Bf’.sinnez)e—iﬂl (IOC)
Vi=93(r,0,,t) = ZJ (k"’rz)(C,,.smnGz +D3,.cosnb, )e_““- (10d)
¢T =T (rl,ﬂ,,t)—ZJ (k"’r.)(A.,.cosnm+B¥,.sinn91)e'”‘ (110}
P =97(r,,0,,t) = ZJ (k"’rd(C,,.Slnne, + D7, ,cosnd, )e‘_i“ (110)
=¢T(rs,6,,0) = 200, (K, )(AI,.cosnez +B¥,.Sinnﬂz)e““" (11¢)

and
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93 =9P3(rs,0,,0) = EJ (k% ry) (C,,.Smnﬂz + D'{,,cosnﬂz)e“"'- (11d)y-

The series can be transformed from r, -0, into r, ~ 68, coordinale system by means
of the addition theorem (Abramowitz and Stegun, 1972) and the relationship between
the coefficients of the different series ean be established after the application of
the zero-stress condition in the r, -8, coordinate system (Todorovska and Lee,
-1989b), Finally the two independent sets of coefficients (one of the symmetric part
of the displacements and the other of the anti-symmetric part)can be evaluated by
the application of the continuity conditions at r, =b, equations (7a,b),

Before the application of the continuity conditions the displacements and the

stresses of the free-field motion (the incident Rayleigh wave), ul7/, u}i!,7i7! and

L2 I

have to be transformed into a form compatible with the representation of the
scaitered and the transmitted waves,K As in Todorovska and Lee (1989¢) for incident
SV waves beyond critical angle, in this paper the displacements and stress at.r,=b

are approximated by the following finite Fourier series,

ul/(b, 0,,t)~—-—2(Aur cosn®, + g4 sinnd, )e-'" (120)
| 13 ]
_ N .
u{;f(b,e,,t)~%-E(At:o-sinn6,+Bt:a.cosn9t)e-"‘ (12b)
nw '
it (b, §,,t)~ Zbt Z(Arf cosnd, + pir sinnd, ) miet (12¢)
and
17} (b, Hl,t)z Z(An cosn@, + pie sinnf, )e iot (12d)
s=0

The coefficients of those series can be calculated analytically as in Hamming(1962),
after a modification, described and discussed in Todorovska and Lee (1989c,d),
Similarly as for the valleys excited by in-plane ground motion,(Todorovska and
Lee, 1989b,c) the continuity conditions, equations (7a,b) imply the following two
systems of equations, where the unknowns are the coefficients of ¢¥ and 9%,

L™ R, cky Dy - QUM B0, ) (A"")

n_0,1,2"" (130)
and
R k(s)D BR N B‘
Al Ry apm] - @emieone., Joi )=(5k)
n=0,1,'2,“' (13b)

where
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RE, (kD) =37 L [1,,1 (DY £ (= 1)'7,21 (kD) [[Hivs kDI £(- 1)'H,-; (kD)

2
lwo

14
P(n)) =]e s (n, b)] [e“-"m ][ an | [D“-“m 0] 150

(Q(n))=R{P(n))], (15b)

gé") (Q(n))- {(A )- '[ thrd(n b)][D”"’(n b)] (A"’ )} (16a)

RN () S T ) ) B

where R means real part and where (e’ (n,b)) I=1,2are 2 X 2 matrices with
terms defined as in Todorovska and Lee (1989b,c), The above infinite systems of
equations are first truncated and then solved numerically, Then displacements inside
the valley and in the half-space can be calculated,

RESULTS AND DISCUSSION

Fig.2 through 8 illustrate the amplitudes and phases of the horizontal and the
vertical components of the surface displacements when the excitation is a monochro-
matic Rayleigh wave with unit surface amplitude of horizontal displacement, The
ratios of the material constants in all the cases are the following, B8,/8,=1/2 and
p,/p,=2/3(p, and p, are the densities of the valley and the half-space,respective-
ly) The Poissons ratio for both media is Vo=V, =V 1/3 and for this value the
ratio between the amplitudes of the vertical and honzontal components of the free-
field motion on the surface is 1,56, The frequency of the Rayleigh wave is ex-
pressed in terms of the dimensionless pafameter 7 defined as the ratio of the width of
the valley and the wave length of the S waves in the half-space, i,e, n=2a/8,T
where T =2x /0 is the period of the Raylefgh wave The phases have been drawn so
that the phase at the center of the valley (x= 0,' z= 0) is zero, In Fig, 2 through
Fig.6 the valley is shallow (h/b=0,5) and the ffequency of the Rayleigh wave
is 4=0,25, 0.5, 1, 2 and 2,5, respectively while in Fig,7 and 8 the valley is
semi-circular (h/b=1) and 9=0,5 and 1, respectively, |

From such results it might be concluded that the valley amplifies the incident
motion, This is not always the case, For exmple, for low frequency incident Ray-
leigh waves (5=0.25) in both deeper and shallower valleys the digplacement ampli-
tudes are smaller than the free-field amplitudes on the half-space surface, The depth
of the valley influences the displacement patterns and amplitudes, For higher
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frequencies of excitation larger variations and amplifications inside the valley are ob-
served For example, for 9=2 the peak of the amplification of the horizontal dis-
placement component on the surface of the shallow valley is approximately equal to
6.,

The quality of the results by this method depend significantly on the number of
terms in the truncated series (same as the number of terms in the finite Fourier
series approximating the stresses and the displacements of the free-field motion along
r, =b), Best results are obtained when the depth of the valley and the number of
terms are such that the finite Fourier series fit exactly the displacements and the
stresses that they approximate at the edges of the valley, i,e, at z= 0, where the
change of these quantities with depth is most sudden,

CONCLUSIONS

Our analytical method has been extended in this paper to calculate the surface
displacements of circular alluvial valleys for incident monochromatic Rayleigh waves,
These valleys have sharp edges and shapes that can vary from semi-circular to
very shallow, Fourier-Bessel series have been used to represent the waves scattered
from and the waves transmitted into the valley, The displacements and stresses of
the free-ficld motion along the bottom of the valley have been approximated by fi-
nite Fourier series before the application of the continuity conditions,

It can be concluded that the complexity of the motion on the Surface of the val-
ley depends on the wavelength of the incident Rayleigh wave, The amplification of
the motion is in general larger for shorter waves, The displacement pattern also de-
pends on the shape of the valley,

We found that the convergence of the proposed series representation is very
fast, Thus the representation of the scaitered and diffracted waves by irregular sedi-
mentary basins, using this representation, should be faster than with direct use of
cylindrical wave functions (Moeen-Vasiri and Trifunac, 1988a,b), Furthermore, for
often flat and extended cross-sections of actual alluvial and sedimentary basins, the
boundary conditions along the irregular layer-half-space interfaces will be more

conviniently represented by a segment of a circular geometry than'by the full half
circle,
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FIGURE CAPTIONS

Figure 1 A shallow cylindrical valley imbedded in the homogeneous half-space, The
surface of the half-space close to the valley is approximated by a cylindrical surface
with very large radius R and with center of curvature at O,, The valley is a
part of a circular cylinder centered at O, and with radius b,

Figure 2 The amplitudes and phases of the horizontal and vertical displacement com-
ponents on the surface of the valley (~1<x/a<C1) and of the half-space (x/a<C
-1 and x/a>1) versus the distance x/a, The excitation is 2 Rayleigh wave with
unit amplitude of the horizontal displacement component and dimensionless frequency
1=0,25, The assumed ratios of the material constants are 8,/8,=1/2 and p, /p, =
2/3 and the Poisson’s ratio is v=1/3, The ratio between the depth of the wvalley
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and it's radius of curvature is h/b=1/2,

Figure 3 The amplitudes and phases of the horizontal and vertical displacement com-
ponents on the surface of the valley (-1<x/a<1) and of the half-space (x/a<
~ Tand x/a>1) versus the distance x/a, The excitation is 2 Rayleigh wave with
unit amplitude of the horizontal displacement component and dimensionless frequency
1=0,5, The assumed ratios of the material constants are 8, /8, =1/2 and p,/p, =2/3
and the Poisson's ratio is v=1/3,The ratio between the depth of the valley and its
radius of curvature is h/b=1/2,

Figure 4 The amplitudes and phases of the horizontal and vertical displacement
components on the surface of the valley (- 1<<x/a<1) and of the half-space (x/a<C
-1 and x/a>1) versus the distance x/a, The excitation is a Rayleigh wave with
unit amplitude of the horizontal displacement component and dimensionless frequency
n=1, The assumed ratios of the material constants are 8,/9,=1/2 and p,/p, =2/3
and the Poisson's ratio is v=1/3, The ratio between the depth of the valley and it's
radius of curvature is h/b=1/2,

Figure 5 The amplitudes and phases of the horizontal and vertical displacement com-
ponents on the surface of the valley (-1<x/u<1) and of the half-space (x/a
< -1 and x/a>1) versus the distance x/a, The excitation is a Rayleigh wave with
unit amplitude of the horizontal displacement component and dimensionless frequency
n=2, The assumed ratios of the material constants are 8,/8,=1/2 and p,/p, =2/3
and the Poisson's ratio is v=1/3, The ratio between the depth of the valley and irg
radius of curvature is h/b=1/2,

Figure 6 The amplitudes and phases of the horizontal and vertical displacement
components on the surface of the valley (-1<x/a<{1) and of the half-space (x/a
< -1 and x/a>1) versus the distance x/a, The excitation is a Rayleigh wave with
unit amplitude of the horizontal displacement component and dimensionless frequency
1=2,5, The assumed ratios of the material constants are 8,/8,=1/2 and p, /o, =
2/3 and the Poisson's ratio is v=1/3,The ratio between the depth of the valley and
it's radius of curvature is h/b=1/2,

Figure 7 The amplitudes and phases of the horizontal and vertical displacement com-
ponents on the surface of the valley (~1<x/a<<1) and of the half-space (x/a<
-1 and x/a>1) versus the distance x/a, The excitation is a Rayleigh wave with
unit amplitude of the horizontal displacement component and dimensionless frequency
1=0,5, The assumed ratios of the material constants are 8,/8,=1/2 and p,/p, =
2/3 and the Poisson’s ratio is v=1/3, The ratio between the depth of the valley and
it's radius of curvature is h/b=1,

Figure 8 The amplitudes and phases of the horizontal and vertical displacement com-
ponents on the surface of the valley (-1<x/a<1) and of the half-space (x/a<
-1 and x/a>1) versus the distance x/a, The excitation is a Rayleigh wave with
unit amplitude of the horizontal displacement component and dimensionless frequency
n=1, The assumed ratios of the material constants are 8,/8,=1/2 and p,/p, =2/3
and the Poisson's ratio is v=1/3, The ratio between the depth of the valley and ijts
radius of curvature is h/b=1,
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