AE 525a/ME 525 Lecture #1: Linear Equations and
Gauss-Jordan Reduction

Consider a set of m linear equations in n unknowns

AX =c (1)
A € R™Mxecp™l.cerpmx!

or using index notation
aikrk =ci; 1=1:m;k=1:n (2)

where summation over repeated indices is understood. Often, this system of
equation is defined in terms of its augmented matrix

[Alc] (3)

or

(4)

ami1 aAm2 .- aGmn Cm

Now for ai1 # 0 we divide the first row by a11. Subsequently we multiply
the first row by (—az1) and subtract it from the second row, multiply the first
row by (—az1) and subtract it from the third row, etc., thus eliminating 1 from
rows 2 : m. The new system becomes

/ / /
1 alz eee a/ln Cl
/ / /
0 ay ... ayy ©
/ / /
0 Am2 -+ OGmn Cm

where the primes denote the changed variables and the unknown z1 has been
eliminated from equations two to m. Now we divide row two by a5, (we can
always rearrange the rows 2 : m so that a5, # 0). Multiplying the new row
two by (—aj,) and subtracting it from row one and similarly multiplying the
new row two by (—aj,) and subtracting it from row three, etc., results in the
following

" 4 /!

1 0 afs ... aiy cf
" 4 /!

0 1 az3 Aon Co
! " " /!

0 @¢m2 am3 - Gmn Cm

where double primes denote that the corresponding variables have been twice
updated (changed). We continue this process r times until it terminates, i.e.,
until 7 = m or until the coefficients of all 2’s are zero in all equations following



the r-th equation. We call these m — r equations the residual equations.
When m > r, we have that the augmented system becomes

1 0 0 ee 0 a]_,r+]_ .. Oé]_,n "Yl

01 0 .. 0 agr+1 - QG2n 72

00 1 .. 0 a3 r+1 ... Q3n Y3

00 0 . 1 Grees o arn 7y (5)
000 ..0 0 .. 0

(000 0 0 . 0 ]

Therefore, there are two possibilities:

1. With m > r, one or more residual equations have a non-zero RHS, i.e.,
" £ 0,k =r+1:m, then no solution exists.

2. When cﬁr) =0;k =r+1:m, then the set of m equations is reduced to a
set of r equations

Tl = Y1~ 0Lr+1%Tr+1 — .. — Q1,nTn (6)
T2 = Y2 — Q2 r+1Tr+1 — ... — Q2nTn
Tr = Yy~ Qrr+1Tr+1 — ... — Qr,nTn

called a consistent system. Thus the most general solution expresses
each of the r unknowns x1, ..., xy as a linear combination of the remaining
(n —r) variables (and a specific constant ) each of which can be assigned
arbitrarily. If » = n, we get a unique solution while for r # n, we get an
(n — r)—parameter family of solutions. The number n — r = d is called
the defect of the system.

Remark 1 For a consistent system and r < m, the residual (m — 1) equations
are actually ignorable, and hence must be implied by the remaining r equations.

Example 2 Consider the following system of equations

1 2 -1 -2 -1
2 1 1 -1 4
1 -1 2 1 )
1 3 -2 -3 -3

After Gauss-Jordan reduction the augmented matriz becomes

1 01 0 3
01 -1 -1 -2
000 0 0
000 0 0



or

r1=3—x3
Tp=—24x3+ 24

which is a two-parameter solution. By choosing, say, x3 = C1 and x4 = C> we
get

T 3 -1 0
i) . -2 1 1
I + C1 1 +Cs 0
T4 0 0 1

0.1 Cramer’s Rule

Definition 3 Let M;j denotes a subdeterminant of a square matriz A where
the i—th row and the j—th column of A are deleted. Then Mij is called a minor

of aij.
Definition 4 The cofactor of aij is defined as

Aij = (=1)2L0g; (7)
where underlined indices denote no summation over repeated indices.

Remark 5 The cofactor of aij equals to the coefficient of aij in the expansion
of det A.

0.1.1 Laplace Expansion Formulas for det A
Case 6 i—th Row Fxpansion
det A =aikAik (8)
where summation over repeated (not underlined) indices is understood.
Case 7 j—th Column Ezxpansion
det A = akj Axj 9)

Remark 8 Replace ajk in (8) by ark, (r # i) is equivalent of replacing the
elements of the i—th row with the corresponding elements of the r—th row. Since
now two rows are the same the determinant of the resulting matrix must be zero,
i.e.,

arkAik = bir det A (10)

Similarly, for the column expansion (9) we get

aksAkj = 61'3 det A (11)



If we consider the linear system
aikrk =¢i; t,k=1:n (12)
with det A #£ 0, we get
(aikAir)zk = cidir; r=1:n

which becomes
Okr det A =cj Air

and thus

ciAir
Ty =

T detA (13)

which is the Cramer’s rule.

Remark 9 For the homogeneous case ¢ =0, one solution is the trivial one
X = 0. This is the only possible solution if det A # 0.

Remark 10 A set of linear homogeneous equations in n unknowns cannot pos-
sess a nontrivial solution unless det A =0.

0.2 The Inverse Matrix
Recall from Eqns.(10) and (11) that

aikAjk = 6ij det A
aijki = 6ij det A
Let 4
ji
I -det A 14
mij detA’det #0 (14)
then
aikmkj = Oij
mikakj = Oij
or
AM =1 =Ml
Therefore M = A™L.
Let
adj(A) = [4;ji] (15)
then A
-1 _ aq
= 1
det A (16)



Remark 11 For a system AX = ¢, we have that X = A~tc or

Ti = m(Alicl + Ajico + ... + AniCn)
_ kA
det A
which is the Cramer’s rule.
Example 12
1 2 3
A=|0 1 2 | ;det A =6
1 -1 3
5 -9 1
adjA =] 2 0 -2
-1 3 1
1 5 -9 1
Al= G 2 0 =2
-1 3 1

0.3 Rank of a Matrix

Definition 13 Rank of any matriz A is the order of the largest square subma-
triz of A (formed by deleting certain rows and/or columns of A) whose deter-
minant does not vanish.

Example 14

1 2 3
rank [ 9 4 6 ] =1
Claim 15 Suppose that A is of rank r. we shall demonstrate that if set of r

rows of A, containing a nonsingular r X r submatriz R is selected, then, any
other row of A is a linear combination of those r rows.

Proof. Suppose that R is the upper left corner of A. Then, consider the
following submatrix of A

ail a2 ... Qir Qis

M= " iq>Tris>T (17)
Gr1 Qr2 ... Grr Qrs
aql aq2 aqr aqs

Since det R # 0, the rows of R are linearly independent. Furthermore, rank(A) =
r implies that det M = 0 for all ¢ > r and s > r. But then the portion of the



q — th row aqz, ..., agr can be expressed in terms of the rows of R. Let the rows
of R be denoted by ay, ...,ar. Thus

[agL, - aqr)T = Maj +..+ @l =RTA (18)
A

But det R # 0 implies that there exists A #0, or that the (r 4+ 1)st row is
expressed as a linear combination of the r rows of R. Similar arguments apply
for the columns. We should note that we still need to take care of the element
ags. Suppose that the linear combination

Alals + AZGZS + + Ara/rs - a&s
Recall that in evaluating det M we can subtract the linear combination of the
first 7 rows (as stated by (18)) from the last row, without changing det M.
Therefore, we get
det M = (ags — ags) det R =0

and thus
CL&S == aqs
which means that the entire last row of M is a linear combination of the first r

rows. M
Since the above is true for any ¢, s > r, we can state the following:

e If a matrix A is of rank r, and a set of r rows containing the nonsingular
submatrix R of order r is selected, then any other row in the matrix is a
linear combination of these r rows.

e The same statement is true if the word "row” is replaced by ”column”
throughout.

e Special Case: If a square matrix A is singular, then at least one of the
rows of A must be a linear combination of the others. (The same applies
to columns.)

Since the converse was already established earlier we have proved the follow-
ing theorem:

Theorem 16 A square matriz is singular if and only if one of its rows (columns)
s a linear combination of the others.

It is obvious that by interchanging rows and columns does not affect the
rank of a matrix. Therefore,

rankA =rankAT

Next we examine certain operations on matrices which leave the rank invari-
ant.



0.4 Elementary Operations

Consider a system of equations AX = ¢, where A € RM™*N:x c¢ R"*1;c ¢ RM*1,
with an augmented matrix [A|c] € R™(M*D_if we use Gauss-Jordan reduction,
we get the system

T1 —Q1,r+1%r+1 — .- —Q1n = 71 (19)
T2 — Q2 r+1%r+1 — ... — Q2 n = 72
17 — Qrr+1%r+1 — .- — Qrn = Yy

0 = Y+

0 = m

Note, we may renumber the equations (partial pivoting). Thus the augmented
matrix after Gauss-Jordan reduction becomes

1 0 0 ... O A1 r+1 ... OQan Y1

01 0 .. 0 a2 r+1 ... Q2n Y2

001 ... 0 a3 r+1 ... Q3n Y3

. . . 9
000 .. 1 ayr+1 ... arn Yr (20)
000 ..0 0 .. 0 9
[0 0 0 0 0 . 0 ym |

The steps in Gauss-Jordan reduction involve the following so called elemen-
tary operations:

1. Interchange of two rows (columns),

2. multiplication of the elements of a row (column) by a nonzero number,
and

3. addition of the elements of one row (column) k times the corresponding
elements of another row (column).

If yp41 = ... = ¥m = 0, then rank[A|c] = r. However, if one of v,,q t0 v
are different from zero we have that rank[A|c] = r + 1.

Claim 17 The rank of the augmented matriz [A|C] associated with the system
AX = ¢, is the same as the rank of the corresponding augmented matriz [A'|C]
obtained after Gauss-Jordan reduction since the rank of a matrix is not changed
by elementary operations.



Proof. From the properties of determinants it is obvious that elementary
operations (1) and (2) do not change the rank of a matrix. To show that the
elementary operation (3) does not change the rank of a matrix we proceed as
follows. Suppose that the nonsingular matrix R € R"™" is in the upper left
corner of A and that k& times the gth row is to be added to the ith row, where
1 < r < q. If we consider a submatrix S

oo
aql cee aqr

We know that rankS =rankR =r, so that the last row of S is a linear combi-
nation of the rows of R. Thus by adding a linear combination of the rows of
R to the ith row of R does not change the det R and thus the rank remains
unchanged. m

0.5 Solvability of Sets of Linear Equations

We have shown that since Gauss-Jordan reduction involves only the elementary
(row) operations we have that both augmented matrices of the system AX =c
and the system obtained after the Gauss-Jordan reduction are of equal rank.
The same is true of the coefficient matrices.

We have also shown that if one or more numbers 7,41, ...,y is nonzero,
then the set of equations AX = € has no solution. In terms of the rank we can
rephrase that statement as follows.

Claim 18 If and only if the rank of augmented matrix is greater than the rank
of the coefficient matriz, i.e., rank[A|c] >rankA, the system AX = C has no
solution.

Therefore, we have proved the following theorem.

Theorem 19 A set of linear equations AX = C possesses a solution if and only
if rank[Alc] =rankA.

e If the two ranks are both equal to 7, and if we select the set of r equations
whose coefficient matrix contains a nonsingular submatrix of order r, then
we may ignore all the other equations, since they are implied by the r
basic equations. The n — r unknowns whose coefficients are not involved
in the nonsingular r X r submatrix can be assigned arbitrary values, after
which the remaining r unknowns can be determined in terms of them.

— If n = r, the unknowns are uniquely determined.

— If n > r, the most general solution involves n — r independent arbi-
trary constants.



Example 20 Consider the system of equations

14222 = b
2¢y +4x, = by (21)
31 +6x2 = b3
Then
1 2 b
[Alc] = 2 4 b
3 6 b3
rankA = 1

IfbT =[1,0,0] we have that rank[A|c] = 2 > rankA, and there is no solution.
If b = [5,10,15] we have that rank[Alc] = 1 = rankA, and there exists a
solution. In fact any vector of the form

o v ]

If ¢ = 0 we have a homogeneous system of equations AX = 0. In that case
we have always that rank[A|0] =rankA, and thus solution exists (i.e., X = 0).
However, if rankA =n, then X = 0 is the only solution (recall if det A #0, X =0
is the only solution).

If rankA =r < n, then infinitely many solutions exist with n — r number of
independent variables.

X =

with « arbitrary, is a solution.

Case 21 Ax=0; A eR™" and rankA =n — 1. In that case det A =0 and we
have that
aikek = 0;k,i=1:n (22)

Recall now that
aikAjk = 6ij det Aji,j,k=1:n
But since det A =0 we have
aikAjk =0 (23)
By comparing Eqns.(22) and (23) we get
zi=CAsi;s,i=1:n (24)

where C' is arbitrary. Since n —r = 1 and since (24) contains only one param-
eter, then (24) must represent the most general solution of (22) (unless for a
particular s all coefficients of Asi = 0, which cannot happen for all values of s
since rankA = n—1). Therefore, the unknowns are proportional to the cofactors
of their coefficients in any row of A.



