AE 525a/ME 525: Lecture #8

0.1 Analytic functions
Definition 1 A function f(z) of a complex variable z is said to have a deriva-
tive if
f(Q) —f(z)
(—z g —Z

exists and has the same value regardless of the mode in which ( — z. Then this
limit is denoted by f'(z) or df /dz.

Im(z)=y

o * Re(z)=x

Different modes of { — z.

Example 2
flz) = 2°
1 437 3 2 2 2
f'(z) = lim, = :Clgnlz(( +C¢z+27) =3z

Notation 3 Formally the definition is the same as in the case of a real variable
however, independence of the way in which ¢ — z is very restrictive.

Example 4
fz2) = 2z
. C—2Z L (—Cz+Cz— 22
im = lim
(—z 472’ (—z C*Z
=, C-Z
= gg(CﬂLzC_z)

= éim ¢+ zeﬂ%)



which is different for different 0. Therefore, f'(z) does not exist, except at the

origin.

P\e

The value of ¢ — z = pe'? as ¢ — 2.

Z

Definition 5 If f(z) has derivative at a point zy and in some neighborhood of
20, then f(z) is said to be analytic at zy (holomorphic, regular).

Since the definition of the derivative f’(z) is formally the same as for the real
variable functions, the rules of differentiation of composite expressions known
for real domain variable must hold for complex variable as well, i.e.,

(af(2) +bg(2)) = af'(z)+bg'(2)
(f9) = fg+fd
)

o /
(f/9) = 7fgg2fg ;970
[flg()] = f(9)d'(2)
Example 6
de” - _ lim o lim eziec_z !
dz o (—z C—Z _Cﬂz C—Z
)2
= 6z11m1+(§_’2)+%+..
(—z C—Z
= e %E[I+T+...]:6

Example 7 Similarly, we can show that

sin(¢ — z + z) — sin(z)

Esinz = %eri = = cosz
i Inz = l
dz z
1 1
- tan” "z = m, etc.



0.2 Branch Cuts and Riemann Surfaces

Definition 8 Riemann surface is a generalization of the z—plane to a surface
of more then one sheet such that a multiple-valued function has only one value
corresponding to each point on that sheet.

Example 9 Consider the function

f(z

1/2

~—

z
= @™ —0,1,2,... =

_ \/;61‘(9/2+mr) =

0= w= \/7_“6“9/2 = wy

= 1:>w:—\/;ei9/2:w2

= 3=w=+re"? =w, et

=w

3 3 3 B w
|

Therefore, there will be two possible values of the function wy and we, called the
branches of w as 0 increases in multiples of 2.

Yy

Therefore, for the function f(z) = z'/? there are two types of paths:
e Path 1, where € never increases for 27, and
e path 2, where 0 increases beyond 27 resulting in double values w; and ws.

Thus the origin possesses the property that a loop about it interchanges
the branches and thus the origin O is defined as branch point of the function.



Different paths for the function z/2.

To prevent the multiple valuedness we introduce a branch cut. For exam-
ple, for w = z'/2 the branch cut is depicted by the following figure

Y

BC 6
O
1/2

A branch cut for the function z'/=.

If we choose the value of w at zy to be, say, wi(zp) and require that the
value of w at any other point z; be obtained by continuous variation of w
along any curve joining 2y and 21, then the fact that loops about the origin are
prevented means that z'/2 is uniquely defined.

Example 10 The function f(z) = \/(z — a)(z — b), where a and b are real has
branch points at z = a and z = b. Let’s define the branch cuts as



BC

Branch cuts for \/(z —a)(z = b).
which implies that
z—a = T1€i01;7W<9§7T
; m 3T
—-b = 7192; —— <0< —
z roe 5 < 5
Then the function

J(2) = Vel Os/2+02/2

is uniquely defined in the complex plane.

Example 11 Consider the function f(z) = (z — a)*/™ (z — b)"/" with branch
points at z = a and z = b. Using

y—aq = rlei(91+2nﬂ')
s—b = r26i(02+2nﬂ')
we have that

f(z) — T}/nlré/nzei[é)l/nl+02/n2+2n7r(1/n1+1/n2)]

If
1 1
— + — ==Em
n1 o
where s an integer, then the finite branch cut is possible and the function is

single valued in the complex plane as shown.



y
Finite Branch Cut

O a BC b
Finite branch cut for the function (z — a)*/™ (z — b)Y/ when
1/n1 + 1/ny = £m(an integer).
Example 12 Consider the function

f(z) = In[(z —a)(z - D)
= 11’1(7"17"2) +’L(91 +92 —|—4TL7T)

where

2—a = Tlei(01+2nﬂ')
2—b = r2ei(02+2n7r)

which has the branch points at z = a and z = b. Obviously, the finite branch
cut is unacceptable since we are not allowed to increase 01 or 0 for 2w which

would introduce multiple-valuedness of f. Thus the following branch cuts are
acceptable

BC

g * X
O a b BC

Branch cuts for the function In[(z — a)(z — b)].

Example 13 Consider the function

£(2) zlnz:(; zln:—;—i—i(& —0,)
where
z—a = retnm
z—b = rpel02t2nm)



has the branch points at z = a and z = b. Therefore, the finite branch cut is
OK.

Example 14 For the function

fz)= 2% = (z0)
has a branch point at O and a semiinfinite branch cut ai acceptable. For example,

flz) ==

where n 1s an integer can be represented as

3=

f(Z) _ T%Gi(e/n+2mﬂ'/n)

and the branch cut can be chosen as

\

BP .
OT BC

Branch cut for f(z) = 2"/,

Notation 15 We should note that both the function and all its derivatives
f(2) = 2Y" have algebraic branch point at O. However, the function f(z) =1nz
has a logarithmic branch point at O while its derivatives do not have logarithmic
branch point.

Example 16 Let’s reconsider the function
1(2) = V= a)(z = 0) = 1/ ?ry/ 2l /240 2]

as the complex variable z varies along various closed loops in the z—plane:



Different paths for the function \/(z —a)(z —b).

Thus we have

path 1 @ 6y — 0427601 — 01 = f(z) = —f(2)
path 2 @ 0y — 0501 — 01+ 21 = f(2) = —f(2)
path 3 : 03 — 02 +2m; 01 — 01 + 27 = f(2) — f(2)

Therefore, the finite branch cut is OK.

0.3 Cauchy-Riemann Equations

Consider an analytic function f(z) = u(x,y) + i(v(x,y). Then,

f(z) = f(20)

fl(Zo) - ZlLHZlo zZ— 20
~ lim [u(x,y) — u(zo,y0)] — i[v(z,y) — v(z0,Y0)]
z—20 (Z*l’o) +i(y*yo)

Since the mode of z approaching zy arbitrary, we choose first that along the
line yo, i.e., from point (zg,yo) to (z,yo). Therefore,

! _ im U(ﬁ, y) — U(xo, y()) iv(‘ra y) — v(l'(),y())
R T
_ ou(zo, yo) n Z,av(xo,yo)

ox ox



Similarly, by taking the path from (o, yo) to (zg,y) we have that

f/(Z ) _ lim {U(-T()v y) - U(CEO; y()) + ,L.U(.’EO7 y) — U(x(),y(]) }
0 2—20 z(y — yO) Z(y — yO)
— ‘au(x07y0) 81}(1’0,3_/0)
- Oy N Jy

Therefore, we get the Cauchy-Riemann equations

ou(z,y)  Ov(x,y)
oz N oy

ou(z,y)  Ov(z,y)

oy ox

which means that if the derivative f/(z) exists, then the Cauchy-Riemann equa-
tions are satisfied. Thus the Cauchy-Riemann equations are necessary condition
for existence of derivative f'(z).

Proposition 17 The Cauchy-Riemann equations are sufficient condition for
existence of a derivative.

Proof. Sufficient condition for existence of derivative f'(z) (i.e., if u, =

vy&u, = —v, = f'(2) exists). From Taylor series we have that
u(z,y) — ulwo,yo) = ua(To,y0)(x — To) + y (0, Y0)(y — yo) + ...
v(@,y) —v(wo,yo) = va(wo,y0)(x — x0) + vy(To,%0) (¥ — yo) + ---

and consequently

lim {um y) = (o, yo) + vz, y) = v(wo.90) }
220 ( —x0) +i(y — vo)
~ lim {u:c(x(]ay())(x — x0) + uy (20, Y0)(y — vo) + }
(z —z0) +i(y — yo)
{vz(l’o,yo)(l’ —20) + vy (20, %0) (¥ — yo) + - }
(x —x0) +i(y — ¥o)
iy [t iy + )
(z — o) +i(y — yo)
[ ve(%0,¥0) (T — o) + ux(T0,Y0) (Y — Yo) + -
A { (v = w0) + iy — o) }
= ue(w0,Y0) + (w0, 90) = f'(20)

z—20

+4 lim

z—20

z—20

zZ—20

[
Thus we have proved that Cauchy-Riemann equations are necessary and
sufficient condition for analyticity.



Notation 18 We should note that from the Cauchy-Riemann equations it fol-
lows that

Uy = vy&uy = —vy =
Upy +Uyy = 0=Vu
2
Vgg +Vyy = 0=V

or that real and imaginary parts of an analytical function are harmonic.

Example 19 No purely real function can be analytic unless it is a constant.
Namely, let Im(f(z) = v(z,y) =0 or

f(2) = u(z,y)
If f(2) is analytic it must satisfy the Cauchy-Riemann equations, thus

upy = vy =0=u(z)=g(y)
uy, = —v,=0=7g(y)=0= g(y) = const

SO

0.4 Integration in the Complex Plane

Consider a path C in a plane of a complex variable z. Let f(z) be any complex
function (analytic or not). Then

/Cf(z)dzzw lim HO;Q,C(gj)Azj (1)

o0;|Az;

this limit is called integral of f(z) along C, provided that the limit does not
depend on the way in which z; and (; are chosen. In terms of z and y we have

that
/ f(z)dz = / udx — vdy +i/ fdx + udy
C C C

so that for these integrals the real variable theory applies.
Immediate consequence of definition (1) is that the usual rules for manipu-
lation of integrals apply:

/C:AB flayds =~ /C:BA flz)dz

where C : AB denotes moving along the curve C' from points A to B. Similarly

/C[af(z) + bg(2)]dz = a/cf(z)dz—l—b/cg(z)dz, etc.

10



Notation 20 If f(z) is bounded on C, i.e., | f(2) |< M,z € C, then the triangle
inequality can be applied to (1) to obtain the following result

| [ 1@dz1< [ 1N < vL
c c
where L denotes the length along the curve of integration C.

Theorem 21 Cauchy Theorem. Let f(z) be an analytic function in R, and let
C' denotes a closed curve completely contained in R. Then

f f(2)dz =0 2)
C

where unless stated differently the integration along C takes place in counter-
clockwise direction.

Yy

» X
@)
Integration path in Cauchy theorem.

Proof. Recall first the application of divergence theorem to a region A
bounded by the closed curve C

/dz’vudA:% u - nds
A c

for a vector-valued function u = (u, v) results in

/A(uw +vy)dA = ]{ (ung + vny)ds

C

where n denotes an outward unit normal to C' and s denotes the length of the
curve. It is easy to show that

dsn, = —dz

dsn, = dy

11



so that
/(ugg—&—vy)dA = j{ (ung+vny)ds = / (ug+vy)dA = 7{ (udy—vdx) = Green's theorem
A c A c

Therefore

/A(uz —vy)dA = 7{ (udy + vdx)

c
Consequently

§ 1@ = @risoisdy
= fc(udx — vdy) +Z'}{C(de + udy)
_ fi(v"’” +uy)dA ﬂ% (g — v,)dA =0

C

Notation 22 The proof Green’s theorem requires continuity of partial deriva-
tives of u and v (i.e., f'(2) continuous). Goursat proved Cauchy theorem under
less restricted conditions.

0.5 Multiple Connected Regions

Definition 23 A simply connected region is defined as the region in which a
closed curve drawn in the region encloses only the points belonging to the region.

For a region R not simply connected and for f(z) analytic and single valued
in R we have that

f(z)dz #0
Cq

Namely, by introducing appropriate cuts, the region becomes simply con-
nected. Therefore we get that the so called generalization of Cauchy The-
orem

f(z)dz — f(z)dz — f(z)dz=0
C Cs Cs

where the integration along closed loops takes place in the counterclockwise
direction.

Example 24 Show that

d
Y _ori
CZ

for any closed curve C' enclosing the origin.

12



Figure 1: Multiple connected region R.

Integration contour for §C dz/z.

First we isolate the singularity by excluding a small circle C, of radius p
from the domain. Therefore, with appropriate cuts the new domain is simply
connected and the function 1/z is single valued. Thus the generalize Cauchy
Theorem results in

d d 2 ipet?
& _ hm?f & _ 1im/ P d = 2mi
cz r20Jg, 2 p0Jyg  pet

0.6 Cauchy’s Integral Formula

Cauchy’s integral formula expresses the value of a function f(z) at any point
inside a contour in terms of its values on the contour.

Theorem 25 Cauchy’s Integral Formula. If f(z) is analytic in a simply con-

13



nected region R and if C' is any closed contour in R, then

=5 ¢ SO 4

cC—2

21

O

Proof. Let’s isolate the singularity of the integrand at { = z by removing
an infinitesimal circle C, centered at z.Then the integrand becomes analytic
and single valued everywhere inside the contour C'+C, 414 +1_. Consequently,
Cauchy theorem implies that

§ 190~y f 104
C

(—z =0 Jc, C— 2
_ f(z +f —f),
- pﬁojé Ho T
_ SO = f(=)
= ;{I}) CC— dC—i—hm% 2 C

But using the result from the previous example we have that

— f(z)2ni

We shall prove later that if f(z) has derivative at z = zg then it is also continuous
at zp, i.e., | f(2) — f(20) |< € for z — 2z9. Thus as p — 0

£ - f(2) e o
7{0,,'7@2« ldcl< [ Spdo = 2me =0

as p — 0. Therefore,

f ﬂodC_Q i)
cGC—=z

14



Notation 26 If z is outside the contour C,then F(C)/(¢ — 2) is analytic in R

and thus
cC—=z

0.6.1 Case of Multiple Connected Regions

Lets consider the multiple connected domain as shown bellow.

o) X

Then with appropriate cuts, the domain becomes simply connected and the
Cauchy integral formula becomes

RO (S 7{ f(©) 1 f f(©)
¢ d¢ d¢
C C

omi JoC—2 0 2mi o, C—2z ° 2mi Jo, C—z
_ 1 Q) ..
= %iﬂjépﬁ“—f@

So that the corresponding Cauchy integral formula becomes

f<z>—ifﬂd<_L7{ &dg_ijg 1) 4

oM Jo (-2 2mi Jo, (— 2 2mi Jo, ( — 2

0.7 Integrals Dependent on a Parameter

Recall the Cauchy’s integral formula

1) = 5 £

15



where ( is a variable of integration and z is a parameter. In general, we consider
FE) = o0k 3
z = xtiy; (=E¢+m
and C is a closed piecewise smooth curve.

y

0O > X

The function ¢ is the function of two complex variables satisfying the fol-
lowing properties:

1. ¢(z,¢) is analytic for z € D and ¢ € C.
2. ¢ and 0¢/0z are continuous functions of z,( for z € D and ¢ € C.

Claim 27 Then the function F(z) is an analytic function of the complex vari-
able z in D and derivative of F(z) may be computed by differentiating under the
integral sign.

Proof. Consider

FE) = § 6 0dC= § (et io)de +idn)

s
—~
N
~—
I

Uz,y)+iV(z,y) = é(udf —on) —l—ijli(vdf + udn)
Ulz,y) = fc(udf —n);V(z,y) = ]i(vdé + udn)

Now the functions u and v possess partial derivatives w.r. to x and y and are
continuous in z and y. Thus, the partial derivatives w.r. to x and y of U exists
and may be computed by differentiating under the integral sign. Then

U, = %C(uxdgvacn)
Uy = f nde =)

16



are continuous functions of z,y in D.Similarly,
Vy, = j{ (vyd€ + uydn) = 7{ (upd€ — vpdn) = U,
c c
Vo = j{ (vad€ + ugdn) = 7{ (—uyd€ + vydn) = =U,
c c

or the functions U and V satisfy the Cauchy-Riemann equations. Consequently,
the function F(z) = U 4 iV is analytic in D. Note that

Fl(z) = Upg+iV,= % (uzpdé — vem) + z?{ (vpd€ + ugdn)
c c

, e
ﬁ(“x+wz)(df+m) —j{ja g

z

Thus to compute the derivative of an integral F(z) = §, ¢(2,¢)d(, (when ¢ is
analytic for ¢ € C and z € D, and ¢ and 9¢/0z are continuous functions of ¢
and z) one differentiates the integrand w.r to parameter z. ®
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