AE 525a/ME 525 Lecture #3: Eigenvalue Problem

Let’s consider a matrix A € R"*" or A € C™*" and the problem
AX =)\X (1)

then A is the eigenvalue and X is corresponding eigenvector of A. Of special

interest are symmetric matrices (AT = A) and Hermitian matrices (A :KT).
Let’s first consider the case of real matrices. Then the problem can be
restated as
(A=Ax =0 (2)

A nontrivial solution for the homogeneous problem exists if and only if
det(A—=Xl) =0 (3)

which is called the characteristic equation of A. The eigenvalues are the roots
of an algebraic equation of order n. The eigenvalues Aj;i = 1 : n need not be
distinct.

Corresponding to each A, there exists at least one vector X such that

Ax = )\ x® (4)

Let A1 and Ay be two distinct eigenvalues with corresponding eigenvectors
Ui, and Uy, respectively. Then

AUu; = A\Up (5)
AU2 = >\1U2 (6)

Then the last two equations provide

ulAu; = Mulup
ujAu; = M\ujup

and thus
()\1 — )\2)(U1, Uz) =0

Since the eigenvalues are distinct we get that
(U]_, Uz) =0

Therefore, we have the result that two eigenvectors of a real symmetric
matrix, corresponding to different eigenvalues are orthogonal, i.e.,

(Um,Un) =0; for Am # An (7)

Claim 1 For a symmetric real matrix A corresponding eigenvalues are real.



Proof. Assume that the eigenvalue is complex, i.e., A = a + ¢8. Then,
AX =X implies

xTAX = MX'X
xTAX = MX'x=XMx'X
so we get _
(A= N)(X X) =0
or .
A=A\
n

Claim 2 If an eigenvalue, say, A\; of a symmetric matrix is a multiple root of
multiplicity s, i.e., if the LHS of det(A—\l) =0 possesses the factor (A — \1)3,
then to \; there correspond s linearly independent eigenvectors, any nontrivial
combination of which also have the same property.

We postpone the proof for a while.

Remark 3 The last result may not be true for nonsymmetric matrices. For
example, matrix
1 1
A-[L L]

is nonsymmetric and the corresponding characteristic equation is

det(A-Al) A

= —(1-X)+1=0

det{l/\ 1 }

Therefore, A = 0; s = 2. However, for A = 0 we get Ax = 0. Since the rankA = 1,
the only possible solution is of the form

all)

and thus for eigenvalue A = 0 there is only one eigenvector.

Claim 4 It is always possible (will be shown later) to choose s linearly inde-
pendent vectors corresponding to an eigenvalue of multiplicity s in such a way
that they are orthogonal to each other, in addition to being (automatically)
orthogonal to all other eigenvectors.

If multiple roots of the characteristic equation are counted separately, we
obtain exactly n eigenvalues, and from that we can determine a set of n mutually
orthogonal eigenvectors. This set of vectors forms a basis in n—space.



If the basis is normalized we get an orthonormal set €j;7 = 1 : n such that
(ej,ej) = 6ij. Thus for any vector v

V=axex;k=1:n (8)

we get
(ei,v) = akéki = Qj

Consider now the inhomogeneous system of equations
AX=AX=cC (9)

which for ¢ = 0 reduces to AX =AX, where A € R"*".If (9) has a solution then
that solution can be expressed as a linear combination of the eigenvectors of A.
Assume that n orthonormal eigenvectors €j;¢ = 1 : n are known and thus

Aej :Alel;i: 1:n

Consequently,

X=axek;k=1:n (10)
where ax; k = 1: n are to be determined. By substituting (10) into (9) we get
()\k — )\)akek =C

which after inner product with e;j provides
(Ai = A)ai = (ei,¢)
and thus
(ei7 C)

ai:)\i_)\;z:lzn (11)

Therefore, the solution for the inhomogeneous problem can be written as

(ek7 C)
mek (12)

o0
k=1
Apparently, a unique solution exists when A # A =an eigenvalue. If A =
Ap, no solution exists unless (ep,C) =0. In that case equation (A\p — A)op =

(€p,C) =0, which implies that op can be chosen arbitrarily, so that infinitely
many solutions exists.

Remark 5 If A = 0 then AX—\X = ¢ reduces to Ax = ¢, which we have studied
earlier. This equation has unique solution unless A = 0 is an eigenvalues of
A, i.e., unless the equation Ax =Ax =0 has a nontrivial solution (note this
requires that det A =0 or that rank(A) <n). Then no solution exists unless c
is orthogonal to the vectors satisfying Ax = 0 (recall for A =0




1 Orthogonalization of Vector Sets

Often we are faced with the following task. Given a set of s linearly independent
vectors Uj;7 = 1: s form a set of s orthonormal vectors.
We choose any original vector, say, V1 = U; and thus

Next, we choose U, and form a vector
Vo = Up — ce1

Since V2 must be orthogonal to €1 we must have

(e1,v2) = 0=(e;,up) —c=
c = (ela u2)
and thus
Vo = Up—(e;,uz)e; =
e, = V2
2 Uva)
Similarly,

V3 = U3z — ae; — bey

and since V3 must be orthogonal to both e; and e, we get

(e1,us)
b = (e2, U3)
V3 = Uz —(e1,uz)e; — (ez,uz)ez =
e = V3
T U(va)
In general we have
s—1
Vs = Us— Z(eky Us)ek
k=1
Vs
e =
S 0(Vs)

This approach is known as Gram-Schmidt orthogonalization procedure.

The Gram-Schmidt procedure will fail if and only if at some stage v, =
O(=u,— L;i (ek, Ur)ek ). However, this implies that Uy is a linear combination
of ej;i = 1 : r — 1 which is in contradiction to the initial hypothesis that
Uj;¢ = 1 : s are linearly independent.



Remark 6 For complex vectors uj;i = 1 : s the same procedure is valid if
Hermitian products and lengths are used.

Example 7
1 2 -1
1 -1 2
u = 1 U= 4 [Us= 9
-1 1 1
fu) = 24(uz) = VT;(uz) = V10
1
o — u 1 1
YT o uy) 21
-1
Vo = Uz —ce1
c = (el,U2)=—1/2
9 1
1| -3 Vs V3 | —1/3
Vo = = ;€2 = =5
4| -3 (V) 2 -1/3
3 1/3
V3 = Uz —ae; —bes
a = (el,U3) = 1;b = (62,U3) = 7\/5
0 0
ve = | 1] e Vs VB |1
3 - 1 3 ©3 — £<V3) - 6 1
2 2

2 Quadratic Forms
Definition 8 A homogeneous expression of second degree of the form

A = apna®+ani3+ ...+ annt?
+2a122122 + ... + 2an_1.nTh—1Tn
= X' Ax (13)

is called a quadratic form in x4, ..., x,. We shall assume that A € R"*".

Thus in 2D space A = const represents a second degree curve with center
at the origin while in 3D space A = const denotes a central quadratic surface
with center at O.

Remark 9 If we write
~10A

Y= S om



then
AX =Yy

where AT = A has been used.
Often we would like to reduce quadratic form a to the following
A = a7 + ahoth + ... + apnTh (14)

so that all the cross-product terms are eliminated. Let X and X’ are related by

X =Qx;Q e R™" (15)

and then
A = XTAX (16)
A = Q'AQ (17)

If A’ is diagonal then there will be no cross products. Thus Eqn.(16) represents
a canonical form if A’ is a diagonal matrix.

Suppose we know the eigenvalues A\j;i = 1 : n of A=AT € R™" as well
as the corresponding eigenvectors €j;¢ = 1 : n. Let’s construct Q in such a way
that the eigenvectors €j;i = 1 : n are the successive columns of Q

Q: [e 1, 7en]
€11 €21 €n1
€12 €22 €n2
= A . (18)
€1n €2n €nn
Then
AQ= Ale 1y €n] = [A\1€1, ..., An€n)

(€1, ..., en]diag(A1, ..., An)
= Qdia’g(/\la"v/\n)
Since ej;i = 1 : n are linearly independent we have that det Q # 0 so the inverse
Q! exists and thus
Q_lAQ :diag()‘lv sy )\n) (19)

If the matrix Q is such that Q~' = QT the quadratic form (16) is in the
canonical form. The matrix Q is called a modal matrix of A.
If ej;i = 1 : n are orthonormal then Q is orthonormal.

Remark 10 If A = 0 is an eigenvalue of multiplicity s, then the quadratic form
A has only n — s nonzero terms

A= )\133‘3_2 + ...+ )\n—sl'/nz_s (20)

We have shown before that this case arises if and only if the symmetric matrix
Aisof rank n —s=r.



Remark 11 Since X’ = Q~!x = Q' z, we have that z} = (ej,x);i=1:n.

If all eigenvalues are distinct, the modal matrix Q is uniquely determined
(except for the ordering of the columns and the algebraic sign associated with
each column). However, if an eigenvalue is of multiplicity s, the corresponding
s orthogonal unit vectors can be chosen in infinitely many ways (as discussed
before).

Remark 12 The matrices for which QT = Q1 are called orthogonal matrices.

Claim 13 A square matrix is an orthogonal matrix if and only if its columns
are mutually orthogonal unit vectors.

Example 14 Consider a quadratic form A = 2522 + 3423 + 4123 — 24zo73.
Therefore,

25 0 0
A = 0 34 -12
0o —-12 41
det(A-A)= (25— A)[ (43— \)(41—\)—122]= 0
)\1,2 = 25
A3 = 50
For A = 25 we get from AX—Ax =0
r1 = C]_
T2 = 02
3
r3 = ZCZ
and thus
X = Ciui + Chuy
1 0
u; = 0 U = 1
0 3/4
Since u; and u, are orthogonal we have that
1 0
er=1|0 |;e2=1 4/5
0 3/5
For A = 50, equation Ax—Ax =0 results in 3 = 0,2, = —1, and z3 = 3/4 so
that
[0
Us = 3/4
!
[0
€3 = 3/5
| —4/5




The corresponding modal matrix is given by

1 0 0
Q=|0 4/5 3/5
0 3/5 —4/5

and the new coordinates are given by

T1
X =Q'x=| 4/52, 4 3/5x3
3/53;‘2 — 4/5.’133

so that the canonical form of A becomes

A = X/TA/X/ _ X/T (QTAQ)X/
= 252 4 2528 + 502%

In particular, the surface 25272 + 252% + 5022 = 25 or 22 + 2% + 222 = 1
represents an oblate spheroid.

3 Equivalent Matrices and Transformations

Definition 15 Two matrices A and B which can be obtained from each other
by a finite number of successive applications of elementary operations to rows
and/or columns are said to be equivalent (but not necessary equal) matrices.

Since any sequence of operations on the rows of A can be achieved by premul-
tiplying A by some nonsingular matrix P, corresponding operations on columns
can be always effected by postmultiplying A by a nonsingular matrix Q.

Therefore, the elementary operations on the rows of A are achieved as

ra
PA =P :
- rn

[ p1ar1+ ...+ pinfn

| Pnilf1 + ... = Pnnln

and similarly, elementary operations on the columns of A are accomplished by

AQ =[c 1,...cnQ

q11C1 + ... + q1nCn

Gn1C1 + ... + GnnCn



Consider now and m x n matrix A. We perform elementary operations on
an m X m identity matrix . Say, (i) interchange two rows, (ii) multiply the
elements of a row by a nonzero number and (iii) add to the elements of a row,
k times the corresponding elements of another row.

Example 16 (i) For, say, row 1 and 2 we get

[0 1 0
P = 1 0 0

0 0 1
[ a21 ax ax
PA = a1 a2 a3

| @31 az2 as3

(ii) Say, for the elementary operation to multiply & times the elements of the
second row we have that

0
0

1
P = 0
0 1

o O

a1l ai2 a13
PA = ka21 kazz ka23

az1 agzz a33

(iii) For the elementary operation of multiplying row 1 by £ and adding the
resulting row to row 2 we get

1 0 0
P = k1 0
|0 0 1
ail ai2 ai13
PA = (ka1 + az1) (kaiz +az2) (kaiz + azs3)
| as1 asz ass

(i’) In order to switch columns one and two we have

[0 1 0
Q = |10 0
0 0 1

app a1 a3
AQ = azp a1 a3
az» as1 as3

etc.

Conclusion 17 Operation sequence on the rows of A is equivalent to perform-
ing PA, where P is obtained by performing the sequence of elementary opera-
tions on an identity matrix 1. Operation sequence on columns of A is equivalent
to AQ, where Q is obtained from | by performing on it corresponding elementary
operations.



Theorem 18 Any nonsingular (square) matrix can be reduced to the unit ma-
trix of the same order by use of only elementary row operations and also by
use only of elementary column operations. Then deduce if B = PAQ, where
det P # 0 and det Q #0, then B can be obtained from A by use of elementary
operations.

Proof. Let’s consider the Gauss-Jordan procedure for a matrix A.

(a1 a1z ... ain
a1 a2 ... a2n
A =
L an1 an2 ann
G-J =
(1 0 0
0 1 0
I =
10 0 1

All of these operations can be represented as elementary row operation sequence
PA. Similarly for the column operations. The converse of the proceeding the-
orem is also true, i.e., through elementary operations A can be reduced to an
identity matrix. Now the matrices A and B are equivalent iff nonsingular ma-
trices P and Q exist such that B = PAQ. Since the elementary operations do
not change the rank of a matrix we conclude that two equivalent matrices have
the same rank. m

Transformations of the form PAQ are classified according to restrictions
imposed on P and Q as follows:

LIP=Q"=Q!=Q !AQisan orthogonal transformation.
2.IP=Q" = Q"AQis a congruence transformation, and

3. if P=Q™ !, Q"1AQ is a similarity transformation.

10



