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Abstract 

This paper studies the relation between firm size, leverage, exit and growth in an environment 

of incomplete markets and lack of enforcement. In the data large firms have lower growth and 

exit rates yet higher leverage. The idea of the paper is that high productivity firms will be lar-

ger and have a greater degree of enforcement because their outside option relative to the value 

of their productive project is large. Thus big firms can sustain larger levels of debt and have 

larger leverage ratios without having incentives to default. However with incomplete markets 

a highly productive firm that receives a sequence of bad shocks will shrink over time as its 

debt increases and its value decreases. Thus highly leveraged firms are also more likely to exit 

if their high debt levels are due to a history of bad shocks. We quantify both mechanisms and 

calibrate our model to the firm data in Ecuador and find that our mechanism provides a uni-

fied rational for the relation between leverage, exit and size. 
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1. Introduction 
 

Firm size is correlated with growth, exit and leverage. Large firms tend to have lower exit 

rates, lower growth rates and larger debt to assets ratios. The relation between size, growth 

and exit has been documented extensively for U.S. firms.1 Rajan and Zingales (1995) docu-

ment the leverage-size relation for publicly traded firms in the OECD countries. They find 

that in most of OECD countries large firms have larger debt to asset ratios. We document the 

relation between size, growth, exit and leverage for a new dataset of firms in an emerging 

market Ecuador. We document similar patterns as in the U.S. In Ecuador small firms have 

larger exit and growth rates, and smaller leverage ratios. However conditional on size firms 

that exit, have more debt relative to assets.  

This paper builds a model of heterogeneous firms to study the link between enforcement 

in financial contracts and firms’ dynamics. In particular we study how enforcement problems 

and incomplete markets can provide a rational for the facts regarding leverage, exit, growth 

and size. The idea of the paper is that high productivity firms will be larger and have a greater 

degree of enforcement because their outside option relative to the value of their productive 

project is large. Thus big firms can sustain larger levels of debt and have larger leverage ratios 

without having incentives to default. However with incomplete markets a highly productive 

firm that receives a sequence of bad shocks will shrink over time as its debt increases and its 

value decreases. Thus highly leveraged firms are also more likely to exit if their high debt 

levels are due to a history of bad shocks. We quantify both mechanisms and calibrate our 

model to the firm data on Ecuador and find that our mechanism provides a unified rational for 

the relation between leverage, exit and size. 

The framework is a dynamic model of heterogeneous firms similar to Albuquerque and 

Hopenhayn (2004) but under incomplete markets. Firms in the model borrow from foreign 

investors to finance the working capital and set up costs needed for production. Firms’ pro-

ductivity consists of two components: a permanent component and an i.i.d. component. We 

assume that firms sign contracts with investors to finance working capital before their i.i.d. 

shock is known and that these contracts cannot be contingent on the shock realization. After 

                                                 
1 See for example Rossi-Hansberg and Wright (2005). 



observing their shock firms can choose to repay the capital borrowed and the debt due and 

remain in operation for the next period, or default, exit, and get a new draw for a project with 

some probability. Incentives to repay debt depend crucially on the value of keeping the firm 

in operation at every period relative to the value or redrawing a new project. 

Among firms with only temporary productivity differences the firm’s value depends in-

versely on the amount of debt that it owes to creditors. We show that firms with low values 

and high debt are inefficiently small because they under-invest relative to an unconstrained 

first best level. Enforcement problems are severe for low value firms, limiting the amount of 

risk-free funds. If firms instead borrow risky and default in some states, the high interest rates 

charged on loans also distort downward the optimal investment and the size of firms. Thus 

low value firms uniformly underinvest and produce at inefficient scales. Incomplete contracts 

introduce rich dynamics in the debt firms owe and the value of firms. In our model firms with 

a history of bad shocks accumulate debt, while reducing its value because their low output is 

not enough to cover interest payments on outstanding debt. In fact with enough bad shock re-

alizations the firm with high debt chooses to default and exit. Thus our model generates ‘posi-

tive persistence’ for low productivity realizations in firms’ output because as debt grows over 

time the inefficiency in scale worsens and output further contracts. Incompleteness of con-

tracts and enforcement problems are key for generating the result that firms decrease their 

value and are likely to exit after a sequence of bad shocks.  

Firms with permanent productivity differences have a distinct long run degree of en-

forcement because of the larger value of more productive projects relative to a constant de-

fault value of re-drawing a project. The surplus from the relation with lenders is larger for 

firms with high productivity and thus the maximum sustainable debt is larger. We show that 

without uncertainty and permanent productivity differences, our model delivers a monotonic 

ranking between borrowing limits and leverage ratios with size. More productive firms have 

larger assets and larger debt than less productive firms. But more productive firms can sustain 

disproportional larger debt to assets ratios because the value of the project is not only larger 

due to the larger assets but because it is much larger than the outside default value of re-

drawing a new project.  



We then calibrate the model to match certain features of the firm size distribution in Ec-

uador. The important parameters are the permanent versus transitory components of the pro-

ductivity for firms because both give distinct usage for debt within the context of our model. 

We find that enforcement friction and incomplete markets can deliver the features of the data 

that larger firms have larger leverage ratios, yet conditional on size firms that exit have higher 

leverage. The model also delivers a higher exit rate and growth rate for small firms as in the 

data.  

The paper is related to the literature that studies the implications of financial frictions for 

the dynamics and firm size distribution. Cooley and Quadrini (2001) study how financial fric-

tions can rationalize the relation between exit and growth with size. Our model shares many 

of the features of their paper, however we are concentrating on how enforcement frictions can 

help explain the relation between leverage and size. Moreover we focus on the distinct impli-

cations for debt financing in the presence of permanent and temporary productivity differ-

ences across firms and we abstract from equity issuances. Albuqerque and Hopenhayn (2004) 

focus on the effects of enforcement problems and solve for the optimal state contingent con-

tract. Our environment is different from them in that we consider an incomplete set of assets. 

Incomplete markets allows for firms in the model with a history of bad shock to decrease the 

effective degree of enforcement through time by increasing their debt holdings.  

Clementi and Hopenhayn (2005) and Quadrini (2004) are also papers that study financial 

imperfections and firm dynamics. These papers study financial constraints that arise due to 

informational asymmetries between the lender and the entrepreneur and show that moral haz-

ard considerations can also rationalize borrowing constraints which make investment sensitive 

to cash flows. Also information asymmetries can also provide a rational for the relation be-

tween growth and size. 

 

2. Empirical Facts 
[TO BE COMPLETED] 

Data for balance sheets of 15,000+ firms in Ecuador for years 1996, 1997, 1998 and 1999 

from Local Regulatory Agency  
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Figure 1. Asset Distribution in 1996 

 

 

Table 1. Empirical Facts on Firm Dynamics and Size 

 Median Asset Growth Exit Leverage Leverage of Exit 

Overall $93,300 0.51 0.07 0.61 0.70 

0.0-0.2 percentile $6,647 1.27 0.13 0.50 0.57 

0.2-0.4 percentile $30,895 0.56 0.08 0.59 0.66 

0.4-0.6 percentile $93,286 0.40 0.06 0.63 0.76 

0.6-0.8 percentile $311,556 0.35 0.05 0.66 0.76 

0.8-1.0 percentile $1,848,652 0.34 0.06 0.68 0.74 



 

3. Model Economy 
 

The economy consists of a small country populated by a continuum of infinitively lived 

entrepreneurs who have access to risky projects and finance those projects by borrowing from 

foreign lenders. Financial contracts are not enforceable and entrepreneurs can default on the 

debt they owe to creditors. Contracts in this economy are also incomplete and thus default can 

occur along the equilibrium.  

 

3.1 Firms 
 

Entrepreneurs in the economy have access to a mass of N  project opportunities to produce 

consumption goods. We define each project opportunity as a firm. Every period a fraction ξ  

of the projects are available to new entrepreneurs. Entrepreneurs are risk neutral, infinitively 

lived and decide on entry, exit and production and financing plans to maximize the lifetime 

value of dividends from the project. Entrepreneurs discount time at rate 1β <  and face an ex-

ogenous probability of dying 1δ <  each period. New entrepreneurs have no initial wealth and 

their outside option is equal to 0 . Thus, it is always worth it for an entrepreneur to enter and 

operate the firm if he draws a project that gives him positive expected present value of divi-

dends. Each entrepreneur owns at most one firm. 

Firms are funded by foreign lenders who offer contracts to cover two distinctive needs: 

initial set up costs and working capital requirements. Each new firm needs to pay an initial 

set-up cost I  to start its operation. Since new firms have no initial wealth, they borrow from 

foreign long-lenders this initial set up cost. The set up cost is the initial loan for every firm 

 B = I . This initial loan is associated with a starting long-debt position for the firm BR = IR  

that is due the next period. Every subsequent period the firm can choose a new loan and long-

debt position   ( ′B , ′BR )  from the set of long term contracts offered. By choosing a different 

long-term contract corresponding to a smaller long debt position, ′BR < BR , the firm effec-

tively repays off part of its initial set up cost. 



Every period each firm that is in operation produces output y  with a stochastic production 

technology that transforms capital goods into consumption goods with a decreasing returns 

technology. For a given level of capital input K invested at the beginning of the period, the 

firm produces output y  at the end of the period such that 

 y = zεZ Kα , (1) 

where 0 1α< < . The productivity shock has two firm specific components. One is the perma-

nent productivity level  z , which is drawn from distribution F(z) . The other is the temporary 

productivity level εZ , which is i.i.d. and drawn from distribution GZ (εZ ) . Capital depreciates 

completely every period.  

The timing of decisions within the period is as follows. At the beginning of the period, 

each entrepreneur who owns a project with long-debt BR , decides how much capital K to in-

vest in the project depending on his permanent productivity level and his expectation of tem-

porary productivity shocks. Firms borrow the working capital desired for production from 

foreign short-lenders. At the end of the period the temporary productivity shock  εZ  is realized 

and the firm decides whether to repay or default on all debt due.  If the firm repays the work-

ing capital and the long debt, then it chooses a long-debt contract from the ones offered and 

continues operations for the next period. If the firm defaults on all the debt due, both short and 

long term, then it gets part of their output, and exits. Every firm that exits frees up an addi-

tional project opportunity for a new entrepreneur the following period. 

 

3.2 Contracts 
 

The set of contracts between the firm and lenders are of two types: short-term contracts 

and long-term contracts. Short-term contracts are for capital requirements. These are traded in 

the beginning of the period before the temporary productivity shock is known and consist of 

two numbers   (K , KR ) . K denotes the payment in the beginning of the period from the lender 

to the firm which is used as capital input for producing output. KR  is the payment the firm 

promises the lender at the end of the period conditional on not defaulting. The set of short-



term contracts are a function of the firms’ long-debt position in the beginning of the period 

BR  and its permanent productivity level z . 

Long-term contracts are traded at the end of the period after the productivity shock is 

known and consist also of two numbers ( ′B , ′BR ) . ′B  is the immediate payment from the 

lender to the firm that is used for interest payments of the original set up costs and to increase 

period dividends.  ′BR  is payment the firm promises the lender next period conditional on not 

defaulting.  ′BR  is the new long debt position of the firm next period. The set of long-term con-

tracts are independent of the firm’s long debt in the beginning of the period  BR , but depends 

on the firm’s permanent productivity level z .2 Both contracts are exogenously incomplete in 

that they are not a function of the output realization when the payments are due.  

 

3.3 Incentives, Dividends and Production 
 

The dividend each entrepreneur receives at the end of the period depends on whether he 

decides to repay his debts and remain in operation, or default and exit. After observing the 

temporary productivity shock εZ  at the end of the period, if repayment is chosen, then the en-

trepreneur of each firm receives as dividend 

  d = zεZ Kα − KR − BR + ′B . (2) 

The dividend conditional on repayment equals the output produced with capital K  in the pe-

riod minus payment of the short-term working capital debt KR  and long debt due BR  plus 

new long debt issuances  ′B  Also we define as ‘profit’ the period return from the project ex-

cluding long debt operations:  zεZ Kα − KR . 

If the entrepreneur chooses to default on his debt then the firm exits, the entrepreneur 

loses the project. After default the entrepreneur can get some additional benefit V d . This ad-

ditional benefit represents any opportunities and payoffs the entrepreneur might get after clos-

                                                 
2  We have written the long-term contract as a one period debt contract for simplicity. It can be easily shown that 

these contracts can be written as true long-debt contracts where firms change their stock of long debt every pe-
riod. 



ing the firm. Here we model the default option as getting a draw for a new project from F(z)  

with probability θ . The value of default for the entrepreneur is then denoted by 

V d = θ W (z, IR )
z∫ dF(z) , 

where W (z, IR )  denotes the welfare of the starting firm with the permanent productivity z , 

and IR  is the corresponding long contract repayment for loan size I . The parameter θ  con-

trols the degree of enforceability of financial contracts in the country. If θ  is very low default 

is very unattractive for entrepreneurs and we interpret this as the case with higher enforceabil-

ity of financial contracts. 

Given that the entrepreneur’s only financial relations are with the short-term lender and 

the long-term lender we also impose a limited liability condition such that   

 0.d ≥  (3) 

The decision to default or repay debts depends on the current dividend the entrepreneur re-

ceives and on the entire future stream of dividends the project will generate. The firm will ex-

perience two types of default events: voluntary and involuntary. We first discuss the voluntary 

default decision. 

The voluntary default decision for a particular firm that has a permanent productivity z , 

long debt  BR  and short contract   (K , KR )  after observing its temporary productivity shock εZ  

is given by 

 
  
W o(BR , K , KR , z,εZ ) = max W c (BR , K , KR , z,εZ ),V d{ }, (4) 

where   W
o(BR , K , KR , z,εZ )  denotes the present value of this firm and   W

c (BR , K , KR , z,εZ )  

the present value of such firm conditional on repaying debt today, but that tomorrow has the 

option to default.  

If the entrepreneur decides to repay his debt, then he chooses a long-term contract 

  ( ′B , ′BR )  to maximize the value of staying in the contract  

 
  
W c(BR , K , KR , z,εZ ) = max

B ', ′BR

zεZ Kα − KR − BR + ′B + β(1− δ )W ( ′BR , z)( ). (5) 



  W ( ′BR , z)  is the present value of a firm with debt ′BR  and a permanent productivity z  in the 

beginning of the following period before the temporary productivity shocks are realized. By 

paying the short-term debt and choosing the new long-term contract the entrepreneur can re-

main in operation for one more period. The entrepreneur understands that the decision to re-

pay debts is a period-by-period decision and that tomorrow he will again have the option to 

default.  

The second type of default firms will experience is involuntary. Under this class of default 

event, the firm cannot satisfy its non-negative dividend condition with the set of long con-

tracts available and it is forced to default although the lifetime value of remaining in the con-

tract is larger. Formally, a firm that has long debt BR , short contract (K , KR )  and productivity 

 zεZ  is forced to default if  

  d = zεZ Kα − KR − BR + ′B < 0  for all ( ′B , ′BR ) . 

The default policy of each firm can be summarized by repayment sets and default sets.  

For a given initial level of debt  BR  and short contract is (K , KR ) , denote the involuntary de-

fault set   Dinv (BR , K , KR , z)  as the εZ  set for which the firm cannot have positive dividends 

with any of the long contracts available 

   Dinv (BR , K , KR , z) = {εZ : zεZ Kα − KR − BR + ′B < 0 ∀ ( ′B , ′BR )}. (6) 

Voluntary default sets   Dvol (BR , K , KR , z)  are the set of εZ  for which the value under the con-

tract is less than the value under default 

   Dvol (BR , K , KR , z) = {εZ ∈ΕZ / Dinv (BR , K , KR , z) :W c (BR , K , KR , z,εZ ) <V d }. (7) 

The default set is then the union of the voluntary default set and the involuntary default set 

   D(BR , K , KR , z) = Dvol (BR , K , KR , z)∪ Dinv (BR , K , KR , z) . (8) 

The repayment set is defined as the complement of the default set:  

  
A(BR , K , KR , z) = D(BR , K , KR , z)⎡⎣ ⎤⎦

c . 



Besides debt and default choices, the entrepreneur makes investment decisions every pe-

riod. In the beginning of the period before the productivity shock is observed the entrepreneur 

decides on capital and production plans. Given an initial level of debt  BR  the entrepreneur 

chooses the short-term contract   (K , KR )  to finance investment such that it maximizes his 

value 

 
  
W (BR , z) = max

K ,KR

W o(∫ BR , K , KR , z,εZ )dGZ (εZ ) . (9) 

The decision of how much capital to invest depends on the permanent productivity level, 

the expectations of average temporary productivity and on the set of contracts available. For 

example, if temporary productivity is expected to be high, the optimal size of the project is 

larger and the entrepreneur has an incentive to invest a large level of capital. In fact in a world 

without enforcement frictions, the entrepreneur will choose the size of the project proportion-

ally to temporary productivity expectations. However with enforcement frictions the optimal 

size of the project can be distorted by the set of short-term and long-term contracts available. 

In particular if the firm already starts the period with a large level of long term debt then de-

fault would be more likely and thus the set of short term and long term contracts will very 

limited. The entrepreneur might then not be able to run his project with an optimal size and 

the project will be inefficiently small. We show in the next session that the link between the 

level of long debt and the scale of project imply that firms with high debt under-invest be-

cause enforcement problems are very stringent.   

 

3.4 Lenders 
 

Lenders in the model are assumed to be competitive and discount time at the rate of the in-

ternational risk free interest rate r . They behave passively and are willing to finance the firm’s 

initial set up costs and working capital needs as long as they are compensated for the expected 

loss in case of default. In particular a short-term lender offers contracts (K , KR )  to a firm with 

long debt  BR  such that  



 
  
K =

KR

(1+ r)
1− dGZ (εZ )

D( BR ,K ,KR ,z )∫⎛
⎝

⎞
⎠ . (10) 

With every short term contract   (K , KR )  the lender breaks even in expected value.  

A long-term lender offers contracts ( ′B , ′BR )  such that with every contract the lender re-

ceives in expectation the risk free interest rate 

 
  
′B =

′BR

1+ r
1− dGZ (εZ )

D( ′BR , ′K ( ′BR ,z ), ′KR ( ′BR ,z ),z )∫⎛
⎝

⎞
⎠ . (11) 

Every long-term contract offered   ( ′B , ′BR )  forecasts the firm’s choice of the short-term con-

tract next period   ( ′K ( ′BR , z), ′KR ( ′BR , z)) . This is because the firm’s decision to default or repay 

is carried out after the capital stock is in place and the productivity is realized.   

When a new firm starts its operation, its initial long-term contract (I , IR )  is such that the 

firm receives as first payment the initial set-up costs needed I  with 

 
  
I =

IR (1− δ )
1+ r

1− dGZ (εZ )
D( IR ,K ( IR ,z ), KR ( IR ,z ),z )∫⎛

⎝
⎞
⎠ . (12) 

If initial set up costs are so high then there might not exist a long-term contract that can fi-

nance the entry of the firm because probabilities of default are too high.  

 

3.5 Equilibrium 

 

We now define the equilibrium: 

 

Definition.  

The recursive equilibrium for this economy is defined as: (i) the policy functions for short-

term contracts   (K (BR , z), KR (BR , z)) , long-term contracts ( ′B (BR , K , KR , z,εZ ),  

  ′BR (BR , K , KR , z,εZ )) , dividends   d(BR , K , KR , z,εZ ) , repayment sets A(BR , K , KR , z)  and de-

fault sets   D(BR , K , KR , z)  for each firm, (ii) a menu of short-term contracts 



  (K (BR , z), KR (BR , z))  and long-term contracts ( ′B (z), ′BR (z))  offered to each firm given its 

productivity, (iii) a distribution of firms over permanent productivity level, temporary produc-

tivity shocks and long debt holdings ϒ(BR , z,ε z )  and (iv) a mass of new entrants 

  
ξ ϒ(BR , z,ε z )( ), such that: 

 

1. Taking as given the menu of short-term contracts (K(BR , z), KR (BR , z)) , and long-term 

contracts   ( ′B (z), ′BR (z))  offered, the policy functions (K (BR , z), KR (BR , z)) , 

  ( ′B (BR , K , KR , z,εZ ),    ′BR (BR , K , KR , z,εZ )) , d(BR , K , KR , z,εZ ) , repayment sets 

  A(BR , K , KR , z)  and default sets D(BR , K , KR , z)  satisfy the firm’s optimization problem. 

2. Short-term contracts and long-term contracts available to each firm reflect the firm’s de-

fault probabilities such that lenders break even in expected value. 

3. The distribution of firms   ϒ(BR , z,ε z )  is consistent with individual decisions and shocks. 

4. The mass of new entrants 
  
ξ ϒ(BR , z,ε z )( ) is equal to the measure of all the firms that de-

fault and die in the limiting distribution ϒ(BR , z,ε z ) . 

 

3.6 First Best Benchmark 
 

We will compare our model to the benchmark where contracts are perfectly enforceable 

but incomplete. We denote this benchmark model as the first best. The capital stock of each 

firm in the first best is such that the expected marginal product of capital equals the interest 

rate. Firms have different sizes because of different permanent productivity levels. The firm 

pays each period the perpetuity value of the set-up cost and receives as dividend the residual. 

In the first best the capital stock is determined by 

 
  
zE(εZ )αK fb(z)α −1 = (1+ r) . (13) 

Though we have different sizes of firms, all the firm are producing at the efficient scales 

given their permanent productivity level.  



The first best short contract is given by 

  

K fb(z), KRfb(z){ }= zE(εZ )α
1+ r

⎛

⎝⎜
⎞

⎠⎟

1
1−α

, (1+ r)
zE(εZ )α

1+ r
⎛

⎝⎜
⎞

⎠⎟

1
1−α

⎧

⎨
⎪

⎩
⎪

⎫

⎬
⎪

⎭
⎪

. 

Given the model setup, we will next illustrate how the enforcement friction interacts with 

firms’ productivity shocks under incomplete contracts. Especially we will focus on the styl-

ized facts documented in Section 2. In the next two sections, we will use some numerical ex-

ercises with the temporary shocks alone or the permanent productivity differences alone to 

study model mechanisms firm dynamics. Section 6 will study the quantitative implications of 

the model by calibrating model parameters and conducting simulation. 

 

4. Firms Dynamics with Temporary Shocks Only 
 

This section studies the implications from lack of enforcement in contracts and incomplete 

markets in terms of firm size and output dynamics and as well as the size-growth, size-

leverage and size-exit relations with only the temporary productivity shocks. We find are that 

in our model firms with high levels of long debt are inefficiently small, and this inefficiency is 

exacerbated over time if firms receive a sequence of bad productivity realizations. Our model 

also delivers a limiting distribution of firms with inefficient scales relative to the first best 

benchmark due to the debt and size relationship. Moreover the model reproduces some statis-

tics of the firm dynamics in the data, such as the size-growth and size-exit relationship, 

though the size-leverage relationship is the opposite of the data.  

 

4.1 Underinvestment 

 

We first characterize default and investment decisions for firms. The temporary productiv-

ity shocks are i.i.d. and denoted by ε = {εL ,εH } with z = 1 for all the firms. The probability of 

the low shock is Lπ  and the probability for the high shock is 1H Lπ π= − . We study how the 



firms’ decisions vary as a function of the level of long debt it owes. With only temporary un-

certainty that is i.i.d. over time, the set of long debt contracts offered to firms is constant over 

time and across firms. In particular the available set is independent of the level of level of 

long debt  BR , productivity realization ε  and short-term contract (K , KR ) . 

 

Lemma 1.  Default sets are increasing in long debt.  

If   ε ∈D(BR
1 , K , KR ) , then   ε ∈D(BR

2 , K , KR ) ∀BR
2 > BR

1 . 

 

Firms default when they hold high long debt. This is because both current dividend 

  d(BR , K , KR ,ε)  and the contract value W c(BR , K , KR ,ε)  are decreasing in long debt while the 

default value is independent of long debt.  

 

Lemma 2. Long debt contracts are bounded. There exists an B > 0  such that  ′B ≤ B  for all 

  ( ′B , ′BR )  contracts. 

 

The set of long debt contracts are bounded by the maximum set up costs that a project can 

have while remaining profitable. In an environment without perfect enforcement, the entre-

preneur will only participate in the project if the expected value delivers a positive value. The 

project at most will generate the expected lifetime discounted profit under the optimal invest-

ment fbK , 
  
M = E(ε)K fb

α − KRfb
⎡⎣ ⎤⎦ / r . Thus projects with larger set up costs will for sure not 

be financed because they can not deliver expected positive value to both the lender and the 

entrepreneur. Hence, the set of long contracts every period offered to firms that remain in op-

erations are bounded such that  B ≤ M .  

Moreover, the value of each project in the economy with imperfect enforcement will be 

lower than in an economy with perfect enforcement due to the added constraints. We show 

below that in our model capital depends on the level of long debt and firms will be ineffi-

ciently small. This implies that the maximum set up cost for which projects will be financed 

are strictly smaller in our economy relative to the first best B < M . In addition, if with this 



maximum loan of  B  default sets are non-empty the corresponding long contract   (B, BR )  will 

imply that   BR ≥ B(1+ r) .   

 

Definition.  Debt Overhang.  A firm with long debt BR  faces ‘debt overhang’ if when it in-

vests the first best capital stock, it cannot satisfy the non-negative dividend conditions for all 

shock realizations. 

 

Proposition 1.  Debt overhang exists. There exists a *B  such that for all   BR > B* , 

  
εL K fb

α − KRfb − BR + ′B < 0 ∀ ( ′B , ′BR ) . 

 

Define 
  
B* = B + ε L K fb

α − KRfb . For any BR > B* , the non-negative dividend condition for 

 ε L  cannot be satisfied. The first best capital stock is chosen based on average productivity. 

However the non-negative dividend condition must be satisfied for every shock realization. 

Thus if ex-post the low shock is realized for some firm the first best capital stock is too big 

because the short-term loan is on an inefficiently big capital stock. Given that enforcement 

problems limit the resources long debt contracts provide, a firm with large long debt that in-

vests the first best capital and receives the low productivity shock will have negative divi-

dends.    

Note that in our model firms can have debt overhang for BR < B  if 

 
B + ε L K fb

α − KRfb < BR .  Given that BR ≥ B(1+ r)  the necessary condition is that 

 
ε L K fb

α − KRfb < rB . We can then choose a particular distribution of shocks to guarantee this 

condition for any   rB ≥ 0. 

 

Proposition 2. Default sets are the lower set.  

If   ε2 ∈D(BR , K , KR ) , then   ε1 ∈D(BR , K , KR )  for any ε1 < ε2 . 

Proof. See Appendix. 

 



Firms default when productivity is low. If default is involuntary then it is clear that default 

happens for low shocks because current dividends d(BR , K , KR ,ε)  are decreasing in ε . If de-

fault is voluntary, then firms default for low productivity because the contract value 

  W
c(BR , K , KR ,ε)  is increasing in productivity at a faster rate than the default value, which is 

constant across the temporary productivity shock. The reason is that the set of long debt con-

tracts the firm can choose under the low shock, such that the non-negative dividend condition 

is satisfied, are also feasible under the high shock.  

 

Proposition 3. A firm with debt overhangs under-invests relative to the first best. 

Proof. See Appendix. 

 

A firm that faces ‘debt overhang’ has two choices: (1) the firm chooses not to default for 

both shocks, but adjusts the investment such that the non-negative dividend condition is satis-

fied for  ε L ; (2) the firm chooses to default for some shock and adjusts the investment decision 

according to default choices. The proposition shows both cases lead to underinvestment rela-

tive to the first best. 

A firm that faces debt overhang and decides to repay debt, cannot have the first best capi-

tal because this would lead to having negative dividends. Thus the firm decreases its invest-

ment such that profits under  ε L  are high enough to deliver a non-negative dividend. This nec-

essarily leads to underinvestment relative to the first best because smaller sizes of firms in-

crease ex-post profits for  εL .  

The firm with debt overhang could also decide to default for some shock realizations. If 

the firm chooses to default, this will happen only for the case of low productivity  εL . This is 

because default sets are the lower set due to proposition 2, and because they are less than the 

whole set when projects produce positive output.  

Capital choices are based on maximizing expected profits and relaxing the non-negative 

dividend condition ex-post state by state in the repayment states. Regarding the maximization 

of profits firms choose capital such that the marginal product equals the marginal cost. When 

firms choose to default under some shocks, the expected marginal product of capital is lower 



than if firms do not default because default states involve direct costs as the firm loses output 

in the low shock. However the expected marginal cost of capital is the same regardless of the 

default decisions because short-term lenders break even. These two features push the optimal 

capital stock to be smaller than the first best when default sets are non-empty. Regarding re-

laxing the non-negative dividend condition, this is only relevant for the choice of capital if it 

is binding under  εH .3  However, under εH  the non-negative dividend condition is relaxed by 

also decreasing the capital stock.  The reason is that given that the short-term contract carries 

a default premium and the capital that maximizes εH Kα − 1+ r( )/ π H K  is smaller than fbK . 

Thus if the firm wants to use capital to relax the non-negative dividend condition in the high 

shock, this also implies that it must under-invest relative to the first best. It is key that the 

short-term contract adjusts according to default choices. If the short-term contract would not 

be adjusted to default choices a defaulter firm could find it optimal to over-invest relative to 

the first best. 

Thus firms with high levels of long-term debt will for sure under-invest regardless of their 

default choices. The next session explores quantitatively this magnitude of the inefficient 

scale in production. 

 

 

4.2  Numerical Examples 

 
This section presents some numerical examples to illustrate the underinvestment feature in 

our model under temporary shocks alone (set z = 1). Table 2 presents the parameters used in 

these examples. The detailed calibration of these parameters will be presented in the next sec-

tion. 

  

Table 2. Parameter Values   

 Value  

                                                 
3 The non-negative dividend condition under zL  is irrelevant if default is chosen here.   

 



Set up costs I  0.007  

Re-draw probability θ  0.30  

Discount factor β  0.90  

Decreasing returns α  0.90 Atkeson and Kehoe 2005 

Interest rates r  0.04 US annual interest rate 

Death rate δ  0.05 Exit rate of large firms  

Shock process for example 

with temporary shocks 

0.7Lε = , 1.08Hε =

π L = 0.2 ,π H = 0.8  

 

 

Given the above parameterization, we first analyze the firm’s decision rules as a function 

of long debt levels, and then present the limiting distribution of firms. Based on understanding 

of decision rules and the limiting distribution, we analyze the time series dynamics of firms 

using simulated examples. 

Figure 2 plots investment, output and dividend of a firm as a function of its long debt 

normalized by aggregate GDP which is constant. The upper panel presents investment deci-

sions, which are independent of shock realizations given the nature of incomplete markets and 

temporary shocks. The middle and the lower panel plot output and dividend conditional on 

receiving a high or a low productivity shock.  

 



 

 
Figure 2. Firm’s investment, output and dividend as a function of long debt holdings 

 

We can classify 4 distinct regions across long debt over GDP ratios according to invest-

ment decisions. In the first region long debt is small enough such investment is equal to the 

first best. The second region corresponds to the case where the firm faces a binding non-

negative dividend condition when the low shock is realized. Here the firm underinvests as 

prescribed in Proposition 3 to avoid default by increasing profits in the low state such that the 

non-negative dividend condition is satisfied. The reason that the firm is willing to be small is 

that the continuation value of keeping the project ( )W B′  is very large once the initial setup 

costs have been already paid.  

When long debt is big enough, the firm finds it optimal to default if the low shock is real-

ized; this is region 3. In anticipation of such an event the firm under-invests relative to the 



first best as in Proposition 3, but increases investment relative to region 2. The reason for the 

increase in investment is that given that in the low shock the short loan will not be repaid, the 

firm finds it optimal to adjust its size for a more appropriate scale in the high shock. However 

given the more expensive short contracts, this increase in investment is never big enough such 

that capital is higher than in the first best. For the highest debt levels in region 3, the firm can 

further under-invests because the non-negative dividend condition binds for the high shock, 

and decreasing investment relaxes this constraint.  

Finally in region 4, long debt is so high, that for any positive output the firm will find it 

optimal to default. Thus in equilibrium short lenders are unwilling to provide the firm with 

any contracts that would give positive output. An alternative way to think about region 4 is 

that projects with the initial set up costs corresponding to region 4 will not be financed in 

equilibrium. Note though that under perfect enforcement some of these projects would be fi-

nanced because the value of the firm under perfect enforcement is uniformly higher than un-

der imperfect enforcement for all initial set up costs. This is because the value of the firm is 

lower due to underinvestment when debt is high. 

Our model shows that in the economy with the enforcement friction and incomplete con-

tracts, firms with high debt will be inefficiently small. One main reason behind the result is 

that the set of short contracts available for these firms are very costly relative to firms with 

less debt. This can be shown in Figure 3, which plots the short contract price schedules for 

firms with two different debt levels. Clearly, the short contract price schedule for high B  is 

uniformly lower than that for low B . 

 



 
Figure 3. Interest Rate Premium for Different Debt Levels 

Given the parameters of the model and the above decision rules, the model generates a 

limiting distribution of firms, shown in Figure 4. In the limiting distribution, a substantial por-

tion of firms hold large long debt positions, and thus the firm size distribution contains many 

inefficiently small firms. (The first best investment level is 0.24.) Over 70% of firms have an 

investment level almost two thirds of the first best. Some firms have a very small size, or 

about 10 times smaller than in a frictionless world.  

 
Figure 4. Firm Size Distribution 



 

The result that enforcement problems induce firms to be inefficiently small is also present 

in models of enforcement frictions with a complete set of assets (Quintin (2000), Cooley, Ma-

rimon and Quadrini (2004), and Clementi and Hopenhayn (2006)). Thus our added feature of 

incomplete markets is unnecessary for qualitatively getting this result. However, our key dif-

ference is that incomplete markets amplify the inefficiency in scale for some firms because 

the value of the firm can decrease over time due to higher long debt holdings. Enforcement 

problems are more severe when the value of the firm is low, thus as firms increase debt hold-

ings the enforcement friction limits further their ability to produce efficiently. For a given ini-

tial start up cost, lack of enforcement plus incomplete markets generates a larger portion of 

inefficiently small firms in the invariant distribution.  

We now present some time series examples. The time series dynamics of a firm’s invest-

ment and output after a series of shocks is driven by the dynamics of long debt, as short-term 

investment contracts do not carry any persistent effects in our model.4 Figure 5 presents the 

time series dynamics for two firms: the upper panel plots output and long-term bond dynam-

ics for a firm that experiences a sequence of only low productivity shocks; the lower panel 

plots the same statistics for a firm that experiences a sequence of only high productivity 

shocks. The initial debt position was chosen such that firms start in region 2. 

 

                                                 
4  This is because we have assumed that depreciation of capital equals 1. If depreciation was to be lower, capital 

dynamics would interact with long debt dynamics. 



 
Figure 5. Dynamics of firm’s output, capital and long debt 

  

Let’s first consider the case of a firm that faces low productivity shocks. This firm pro-

duces less and less output while it increases its long debt holdings over time. The firm 

chooses to remain in operation because of better future prospects, but it produces very little 

contemporaneously. After a long enough sequence of low shocks, 6 periods in this simulation, 

long debt grows so much, such that the firm finds it optimal to go bankrupt and exit. Antici-

pating a default event in period 6, the capital invested increases because the firm does not re-

pay back the short loan in the low shock and thus dividends are strictly positive. 

Incomplete markets are essential for enforcement frictions to amplify bad productivity 

shocks over time. Our interpretation is that enforcement problems are exacerbated for firms 

that have a history of low productivity. A sequence of low shocks lowers the value of the firm 

because uncontingent long debt has to grow over time to cover interest payments of an in-

creasingly higher stock of debt. This feature differentiates our model from existing models 

that look at the implications of enforcement problems under a complete set of assets. In those 

models the value of the firm cannot go down ever because state contingent long debt allows 

the firm to efficiently pay off the set up costs only when high shocks are realized. By intro-

ducing incomplete markets our model is able to maintain the underinvestment feature of those 

models, while producing the additional feature of amplification for low shocks 



Let’s now consider the case of a firm who faces a sequence of good productivity shocks as 

in the lower panel of Figure 5. A firm who initially has a high initial long debt, starts operat-

ing at an inefficient scale. However if the firm receives a high productivity shock then it is 

able to repay enough of its long debt, such that in the next period it becomes unconstrained.  

This shows that our model also generates amplification of good shocks because after a se-

quence of high shocks the value of the firm increases enough such that it becomes uncon-

strained. Our model shares the ‘positive persistence’ feature of models with enforcement fric-

tions and a complete set of assets have.  

 

3.2 Statistics of Firms Dynamics 
 

Now we look at the relations between exit, growth and leverage with the firm size, which 

are reported in Table 3. We rank a large number of firms from the limiting distribution ac-

cording to their size (investment) and put them into three bins with an equal number of firms. 

We next report for each bin average statistic of firm dynamics. First, the model generates the 

size-growth relationship as in the data; smaller firms have higher growth rates. Conditional 

upon survival (under the high shock), small firms will decrease their debt next period, which 

implies a much larger investment next period. This leads to a high growth rate relative to the 

large less-constrained firms. Second, the model matches the data in that small firms have 

higher probability of exit (or lower probability of survival) because they face a greater default 

probability. Third, the model predicts that exit firms have higher leverage ratios than non-exit 

firms, which is also consistent with the data. This is because exit firms are mostly small firms 

with high debt, which gives rise to higher leverage ratio than non-exit firms. However, with 

the temporary productivity shocks alone, the model generates a negative relationship between 

leverage and size, which is opposite in the data. 

Table 3: Statistics of Firm Dynamics with Temporary Shocks Only 

 Growth Exit Leverage Leverage of Exit Firms 

Bin 1 1.55 5.51% 1.04 1.06 



Bin 2 0.93 5.00% 0.80 0.80 

Bin 3 0.91 5.00% 0.79 0.79 

Note: Leverage is defined as ( ) /( )R RK B K I+ +  in the model. 

 

Our model matches the data in that small firms pay less dividends and their investment is 

sensitive to cash flow. Furthermore, our model has several empirical testable implications in 

terms of the dynamics of firms. First it predicts that firms with high debt will have more vola-

tile output conditional on a given volatility of shocks. Second, our model predicts that the his-

tory of productivity matters for a long time in terms of firms’ output. In particular even under 

temporary shocks as in this example, firms can become smaller and smaller over time because 

they face very more restrictive financial contracts after a history of low productivity.  

 

4. Firms dynamics with permanent productivity differences 

This section studies the implications from lack of enforcement in contracts for the leverage 

and size relation when productivity differences across firms are only permanent. Our main 

result is that permanently more productive firms have higher degree of enforcement and can 

sustain more debt relative to their larger assets without having incentives to default. The rea-

son is that the value of a more productive firm is bigger relative to a constant value of re-

drawing a new project that might not have the high permanent productivity. The surplus from 

the relation with lenders is larger for these firms not only because of larger assets but also be-

cause of larger effective degree of enforcement. 

We solve the economy for three permanent productivity bins: { , , }L M Hz z z  and no idiosyn-

cratic shocks. The values chosen for z  .95,  0.98,  1.0L M Hz z z= = =  The other parameters are 

as in table 2. Figure 6 plots the repayment probabilities for each type of firm with z  perma-

nent productivity as a function of the debt relative to assets /RB K . Without uncertainty the 

repayment probabilities jump from one to zero at threshold level of debt. As the figure shows 



the level of debt relative to assets /RB K  for which default probabilities are one, is larger for 

the Hz  project than for the Lz  project. Given that the size of the project K  is increasing in z , 

this implies that the maximum absolute amount of sustainable debt is larger for the larger 

scale projects.  

 

 
Figure 6. Interest Rate Premium and Leverage 

 

Table 4 presents the leverage ratios that in equilibrium firms with z  productivity chose. 

The table shows that enforcement frictions can rationalize the empirical fact that larger firms 

have larger leverage ratios when the size of firms varies due to permanent productivity differ-

ences. High productivity firms have larger scales in K , yet they can borrower more debt rela-

tive to their larger assets because the surplus from honoring contracts with lenders is larger 

given that there is more at stake in event of default. 

 

Table 4. Size and Leverage with permanent productivity differences 

Productivity 
Size 

( K ) 

Leverage 

( ) /( )R RB K K I+ +  

Lz  0.95 1.88 

Mz  0.98 1.96 



Hz  1.00 2.05 

 

 

 

5. Quantitative Implications of the Model  

 
We now present results for the full model with both transitory and permanent. We want to as-

sess quantitatively our mechanism in reproducing the facts regarding exit, growth, leverage 

and size for the dataset of firms in Ecuador. 

Calibrate the permanent and transitory productivity process to match certain features of 

the firm data in Ecuador. Table 5 reports the parameters values used for the shocks. All other 

parameters are as in Table 2.  

We simulate the model over 500 periods for 3000 firms. At every point in time there is a 

cross section distribution of firms that we use to compute the model statistics. Given that we 

don’t have aggregate uncertainty, the model delivers a stationary distribution of firms over 

debt and assets. We divide at every point in time the cross section of firms into 3 bins based 

on size K such that an equal number of firms is in each bin. We then compute for every bin 

and for the whole distribution the average leverage, leverage of the firms that exit, exit rate, 

and output growth. Table 6 reports averages of these statistics across the last 100 periods. 

 

 

Table 5. Calibrated Parameter Values 

 Value Target 

Permanent productivity 0.95,  0.98,  1.0L M Hz z z= = =  Size distribution 

 0.2,  0.5,  0.3
L M Hz z zπ π π= = = max min/ 9K K =  

Temporary productivity 0.15
zLεσ =  Range in sales variance 

 0.20
zMεσ =  0.30 0.45−  

 0.25
zHεσ =   



 

Firms in the third bin in the distribution are firms with high permanent productivity 

and who have not received a history of bad idiosyncratic shocks. Firms in the second bin cor-

respond to firms in the middle permanent productivity category who have not experienced a 

history of bad shocks. Firms with Hz  who have received a short history of low shocks are also 

in bin two. Bin one firms are the Lz  firms together with Mz  and Hz  firms that have received 

long histories of adverse shocks.  

We first report the statistics for the overall firm distribution and then for the 3-quantile 

classification of firms according to size.  Firms on average growth by 17%, exit at a rate of 

5.4%, and have on average 0.8 as a leverage ratio.  The leverage ratio of the exiting firms is 

higher on average and equal to 0.85. Small firms grow faster than large firms as in the case 

with only temporary productivity differences. Many firms in the first bin are small because 

they have received a sequence of bad shocks, and thus they are very sensitive to good shocks 

because they can reduce their debt holdings and increase their capital stock towards a better 

size. In the general model the exit-size relation is also the one found in the data, although the 

exit rates of small firms is lower than in the data. In the first bin, small firms with a sequence 

of low productivity realizations are prone to exit if they receive another low shock because 

their project becomes is not longer profitable given the large debt they owe.  

Table 6. Firm Dynamics and Size 

 Size Growth Exit Leverage Leverage of Exit 

Overall 0.11 1.17 5.4 0.80 0.85 

First 3-quantile 0.04 1.60 5.76 0.99 1.09 

Second 3-quantile 0.12 0.99 5.00 0.67 0.67 

Third 3-quantile 0.17 0.91 5.00 0.74 0.74 

 

The leverage size relation in the model is non-monotonic, because of the two distinct 

debt usages. Small firms in the first bin with permanently low productivity do not have large 

debt levels, but those with relatively higher productivity that are small because of a history of 



unlucky draws are precisely small due to their large debt holdings. This effect pushes upward 

the average leverage of firms in bin one. However this effect allows us to generate that firms 

who exit have a larger debt to asset ratios as in the data as shown in the last column of the ta-

ble.  The leverage-size ranking for the second and third bin are in the empirically correct rank-

ing. Large firms have larger leverages than medium size firms because they have larger de-

gree of enforcement as in the case of only permanent productivity differences. 

Finally figure 7 plots the firm size distribution for the case of permanent and transitory 

productivity differences. Permanent productivity differences across firms allow the model to 

better the firm size distribution of assets.  

 
 

 
Figure 7. Asset Distribution in the Model  
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Appendix 1 
 

Proposition 2. Default sets are the lower set.  

If 2 ( , , )z D B K P∈ , then 1 ( , , )z D B K P∈  for any 1 2z z< . 

  

Proof: We need to show that for any 1 2z z< , 1 1( , , , )cW B K P z z Kαη< , i.e., 

* *
1 1 1(1 ) ( ) 0oz K P B L W Bαη β ′− − − + + < , where *

1 1( , )L B′  is the optimal long debt contract. 

From 2 ( , , )z D B K P∈ , we have * *
2 2 2(1 ) ( ) 0oz K P B L W Bαη β ′− − − + + < , where *

2 2( , )L B′  is 

the optimal long debt contract. Define the feasible set of long debt contract ( , )L B′  under 

( , , , )cW B K P z  as ( , , , ) {( , ) | 0}K P B z L B zK P B Lα′Γ = − − + ≥ . Clearly 

1 2( , , , ) ( , , , )K P B z K P B zΓ ⊂ Γ . Thus, we have 

* *
2 2 20 (1 ) ( )oz K P B L W Bαη β ′> − − − + + * *

2 1 1(1 ) ( )oz K P B L W Bαη β ′≥ − − − + +  

* *
1 1 1(1 ) ( )oz K P B L W Bαη β ′≥ − − − + + . Q.E.D. 

 

Proposition 3. A firm with debt overhangs under-invests relative to the first best. 

 

Proof: A firm with debt overhangs has two choices: either repays under both shocks or de-

faults under the low shock, but repays under the high shock. We show that the firm will un-

der-invest relative to the first best under either choice.     



Choice 1: To repay debt under both shocks, the firm has to adjust investment away from the 

first best to guarantee the non-negative dividend (NND) condition under Lz . That is, the firm 

has to increase the profit under Lz , only by lowering investment from fbK .  

Choice 2: We first show that fbK  is dominated by some investment level smaller than the first 

best, and then show that fbK  dominates any investment higher than the first best. 

(1) Underinvestment: the first best investment fbK  is dominated by some aK , smaller than 

fbK , i.e., a fb fbK K Kε= − < . We need to show that the expected welfare under aK , de-

noted by ( , , )a aA B K P  is higher than that under fbK , denoted by ( , , )fb fbA B K P , where the 

expected welfare is defined as ( )( , , ) max{ ( , , , ), }cA B K P E W B z K P zKαη= . 

Assume that the short contracts are designed according to defaulting only for the low 

shock. We can find an 0 0ε >  such that choosing 0a fbK K ε> −  increases short profits un-

der both shocks and the expected profit relative to choosing fbK , where 0ε  is defined as 

( )1/(1 )
0 ( ) /(1 ) 0fb H H L LK z z r αε α π ηπ −= − + + > . Consider two cases when the firm chooses 

aK : defaults under Lz  and repays under both shocks. 

(a) When choosing aK , the firm defaults under Lz .  

In this case, we know ( , , ) ( , , , )c
a a H H a a L L aA B K P W B z K P z Kαπ ηπ= +  and 

( , , ) ( , , , )c
fb fb H H fb fb L L fbA B K P W B z K P z Kαπ ηπ= + . Assume that * *( ( ), ( ))fb fbL K B K′  is the 

optimal long contract of ( , , , )c
H fb fbW B z K P . Since the profit under aK  is higher than that 

under fbK  when Hz  occurs, *( )fbL K is feasible under ( , , , )c
H a aW B z K P . Thus, we have 

* *( , , , ) (1 ) / ( ) ( ( ))c o
H a a H a a H fb fbW B z K P z K r K B L K W B Kα π βδ ′≥ − + − + + . 

To show ( , , ) ( , , )a a fb fbA B K P A B K P> , it is suffice to show 

( ) (1 ) ( )(1 )H H L L a a fb H H L L fbz z K r K K z z r Kα απ π η π π η+ − + > − + + ,  (14) 

which is guaranteed by our choice of  aK . 

(b) When choosing aK , the firm repays for both shocks.  



In this case, we have ( , , ) ( , , , ) ( , , , )c c
a a H H a a L L a aA B K P W B z K P W B z K Pπ π= + . 

We know that ( , , ) ( , , , )c
a a H H a a L L aA B K P W B z K P z Kαπ π η≥ +  because the firm chooses to 

repay under the low shock. As in case (a), we have 
* *( , , , ) (1 ) ( ) ( ( ))c o

H a a H a a fb fbW B z K P z K r K B L K W B Kα βδ ′≥ − + − + +  

* *(1 ) / ( ) ( ( ))o
H a a H fb fbz K r K B L K W B Kα π βδ ′≥ − + − + + .  

Thus, to show ( , , ) ( , , )a a fb fbA B K P A B K P>  is equivalent to show inequality (14), which is 

true for our choice of aK . 

(2) No overinvestment: any investment greater than the first best fbK  is dominated by fbK . 

 The profits under both shocks and also the expected profit will decrease when the firm 

over-invests. Follows the similar argument above, we could show that any investment 

greater than the first best fbK  is dominated by fbK . Q.E.D. 

 



Appendix 2: Computational Algorithm 
When solving the model numerically, we follow the following computation algorithm:  

(1) Given the world interest rate R , we start the initial guess of long and short contracts 

as (1 )P r K= +  and (1 )B r L′ = + . 

(2) Given the long and short contracts, value functions and decision rules are solved 

through the value function iterations: 1{ ( , ), ( , , , ), ( , , , ), ( , ),o c dW B z W B K P z W B K P z V K z−  

1 1( , ), ( , ), ( , , , ), '( , , , ), ( , , , ), ( , , ), ( , , )}.K B z P B z L B K P z B B K P z d B K P z A B K P D B K P− −  

• Start with an initial guess of the value function 1( , )jW B z− . 

• Compute value functions ( , )dV K z  and ( , , , )cW B K P z  with optimal long contract  

 ( )( , , , ), ( , , , )L B K P z B B K P z′ . Set ( , , , )cW B K P z = −∞  if the set of the feasible allo-

cation is empty. 

• Compare ( , )dV K z  with ( , , , )cW B K P z  and get the default decision ( , , , )d B K P z . 

Thus, we get the repayment set ( , , )A B K P , the default set ( , , )D B K P  and the value 

function ( , , , )oW B K P z . 

• Update the value function 1 1( , )jW B z+ −  by choosing the optimal short contract 

( )1 1( , ), ( , )K B z P B z− − . 

• Iterate the above procedures until W  converges. 

(3) Given the decision rules and value functions, we can updated the long and short con-

tracts according to 

( )1( , , )
1 ( , )

(1 ) D B K P

PK dG z z
r −= −

+ ∫  and ( )( , '( ', ), '( ', ))
1 ( ', )

1 D B K B z P B z

BL dG z z
r ′

′
= −

+ ∫ . 

(4) Iterate (1)-(3) until the short and long contracts converges.  

 


